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1-1. UHBapunaHTbI

M3yuyeHne ob6GWwWen Teopuunm OTHDOCIHTAE /X BTaW H(OA

3aTpyagHaeTcsa ocobbamnMagaeamMammMyererRnmpamu. [lon
y Bac nnoxo?rTdMyrema..KakKas

3p0ecb AnapmameT a3 0Bble CBejgeHUWA, KOTOPpPBIe
yeckKkne TekcTb. T[TlpepnonaraeTcsda, 4YTO UYUTaTE@NE
M3 UHCTOUIMTyMa&KeMaTn @Mn NMBO MHIMBTI A 1 B OKDOWIBbL H OT O OK Y [
XaneHWwW, HWUKAaAaK HefgocTaTO4YHO.

OkmpaeTcs TOTOBHOCTbL BOCNPMHMMATb HOBHbIE
Aa v npocTo xenalHoiteo wpya 340TO0P aMOBIGRFEHE A ICAC T P O U
re!

UntTartenb He Haljged B@ERBTKWTPONA@E@MUNAX-MaA
KaMoTenNoEgeLCTaABMYbKak MOXH®aBOHBWHRERHE®BO MAUT C
KOBYBEH,aM NpepjMe TO LCWIBOEXTeCHd, THO T , KTO pewunmTtT,e-urT
puan, HRa AL BpPERHCTBEHHON pabOTOW MbICNU.

TakXeH@mOwWMpwUwngoCTpayumMm TNPUMEHEHMA TeEeH3O0P(
TeopeTnegpresueiMxkonmm obGpa3omM He cnepgyeTtT paccl
N3INOXBHUMZINYEERUA O CYyLWEeCTBYWT YyyYyeOHUKMN!

BBeneHue B Temy

3anuineM B KayecTBe pHUMepa W3BECTHYIO IIKOJIbHYIO hopMyny 3akoHa HbioTOHA € BEKTO-
pamMu CHJIbI U YCKOPEHHUSI:

F=ma.

MpbI, KOHEYHO, MOYKEM CUUTATh €€ COKPAILIEHHOM 3alUChIO0 TPEX YPABHEHUI:
F, =ma,

F,=mg,

FZ =ma,.

Ha camom gene 31ech Heuto Gosbiiee. [lepBoe ypaBHeHHe —3TOoM HB ap M a HT HA A
oTyinure oT GOpMBIH € U H B & P Wu@pk3 KOMI®HEHTHI BEKTOpOoB. UTo 310 03HayaeT?

WNuBapuanTtHas ¢popMa HUKAaK HE U3MEHUTCS MPH Mepexojie K IpyruM KoopauHatam. B To
Bpems kak F,, F, F,, a, a,, @, 3aBUCAT OT IPUHSATHIX KOOP/IMHAT.

3anuch (U3NYECKUX YpaBHEHUIl B MHBAapUAHTHOM BHJE SIBISIETCS Oojiee «IIPaBHIBLHOI!
[TockonbKy 3aKOHBI TPUPOJIBI HE MOTYT € 3aBHCETh OT IPOU3BOJIBHOTO, CIIyY4aifHOrO BHIOOpA CH-
CTeMbI KOOpAMHAT. Mex 1y MpoYuM, HHBapHaHTHasi (hopMa HE COACPIKUT B SIBHOM BuUje MHpOpMa-
Uy 0 Pa 3 M € P H(@eId WAMepeHnid) IPOCTPAHCTBA — ATa Pa3MEPHOCTH JOJDKHA TOJpa3yMe-
BaThCs 0C000.

ITokxa 4To HaMm yJanoch MHBAPMAHTHO 3alucaTh YMHOXEHHME BEKTOpa Ha KO3((UIMEeHT M.
Herycro, xaxercs... C npyruMu omnepanmusMH (Kak CKaJIipHOE MPOU3BEJCHHE) YK€ BO3HUKHYT
TpynHocTu. Tem Gosee, Korja oT BEKTOPOB MBI IepeiiieM K Oosee cioXHbIM o0bekTaM. [loTpedy-
10TCs1 0coOble pueMbl. MM 1 peAcTOUT HayduThCs.

Te H 3-0rq) 4yTo OTBEYAET TPEM IyHKTaM:

1) 9TO MAaTCMAaTHUYCCKOC MPCACTABJICHUC HECKOTOPOT'O 00BEKTa (FCOMeTpI/I‘leCKOFO HUJIn (I)I/BI/I—
tICCKOTO), CYHICCTBYIOIICTO B ITPOCTPAHCTBE, B BUJIC TaGJ’II/ILILI BCJIMYHH — KOMIIOHCHT TCH30pA,



2) 3HAYCHUSI KOMIIOHEHT 3aBUCST OT MPUHSTOM CUCTEMbI KOOPAMWHAT, U M3MEHSIOTCS (TIpeo0-
pa3yroTcsl) pU NEPEXOJIE K APYrUM KOOpAUHATAM;

3) npeoOpa3oBaHne KOMIIOHEHT TAKOBO, YTO OCTABJISET, TEM HE MEHEe, HEM3MEHHBIMU HEKO-
TOpbIe 0COOBIC BETMYMHBI — HHBAPUAHTHI.

Wrak, TeH3op 310 TabNMIa WK MaTpHIla Yiced (KOMIIOHEHT, 3aBUCSIINX OT BHIOPAaHHBIX KO-
opauHar). B To xe BpeMs 3aaua TEH30PHOI0 MCYMCJIEHHMS — Pa3BUTh Takylo (opmy 3anmucu
TEH30POB, YTOOBI 000iiTHCH 0e3 TadauL KOMNOHeHT. To ecTh, mHBapuaHTHYIO Gopmy. KoTopas,
TEM HE MEHEee, I03BOJIUT 3aIlMChIBATh JII00bIe (MHBApUAHTHBIE) ONEpallui HAJl TEH30paMHU.

HauyHem c BekTOpa

YacTHBIM MTPUMEPOM TEH30pa U SBJISECTCS B € K T K®OPBIM MPUBBIYHO BUIUTCS YEM-TO
BpO/I€ MaJIKH, 320CTPEHHOM Ha KOHIIE. [Ipy Bcell KOMMYHOCTH TAaKOTO MPEJICTABICHUSA, OHO OTYACTH
Jake TMoJIe3HO. SICHO, 4TO BEKTOP 3TO HeJbHbIH, CAMOCTOATENbHbIH 00beKT, HE3aBUCUMBIN OT
TOTr0, KaK MBI €ro MpeICTABUM MaTEMATHYECKH.

[IpyHIMI 1ENTOCTHOCTH BOOOIIE JIOO0r0 TEH30pa MOXKET MOKa3aThCsl TPUBHAIBHBIM... Ho
MbI YO€IUMCSl, UTO U3 HETO BBITEKAIOT OCOOBIE CIIE/ICTBUS.

Bo BcsxoMm cj1ydgac, moka OTMETHUM, YTO BEKTOP 00BEKTUBHO MMEET OTNHY

Bektop paccmarpuBaercsi B mpocTpaHcTBe. [IpocTpaHCcTBO XapakTepusyercs 4 U C /1 O @
P € H, rkCHPOBAHHBIM TS TAHHOTO KJIacca 3a1ad.

Mgz1 HE cOMHEBaeMcs B TOM, YTO B IMPOCTPAHCTBE BBCACHBI BCKTOPHLIC OIICpalli: CIIOKCHUC
BCKTOPOB M YMHOKCHNEC BEKTOPA HA YHCJIO.

B TpexmepHOM mpocTpaHCTBE paccMOTpHUM NepemenieHre u3 Touku A B Touky B. Ero npu-
HATO M300paxkaTb BEKTOPOM, TO €CTh HAIpPaBIEHHBIM OTpe3koM u3 A B B. D10 Tak Ha3biBaeMblit
BeKTOp N e mXeobeulbdi FeoMErpUIecKrii BEKTOP). BripodeM, cunTaror, 4to BEKTOP HE
MEHSETCs IPU NapaJljIeIbHOM IIepeHoce.

O4eBHIHO, YTO MPHU CIOKEHUU MEPEMEIEHUI — pe3yabTupylollee nepeMelieHre (BeKTop-
Hasi CyMMa) ONPEJIENIAETCS [0 U3BeCTHOMY M paB M /1y nNapannenor pamma

KoMnoHeHTbl BeKTOopa

HyxHO ymeTb HpOM3BOIUTH C HAIIMM OOBEKTOM (BEKTOPOM) OMNEpaldyd — MOJIb30BaThCS
BeKTORPHO A Jlya sroresfopaodin C T e My K, aum P @scH a T

B mpocrtpanctBe (1m0 mopel OyaeM cyuTaTh €ro TPEXMEPHBIM) BbIOEpEeM TpU BEKTOpa
€,6,6.0100ynyre A, M HWN Y Hble, uwl @ R T. HeppsMeHHoe yclioBUE: OPTHI JTMHEHHO He-

3aBUCHMBI. DTO 3HAYWT, YTO HHU OJIMH M3 HUX HEJb3s MPEICTaBUTh B BUJEC JTUHEHHONW KOMOMHAIIMH
OCTJIBHBIX (Takoe ObLIO OBbI, €Ciii ObI TPOHKAa BEKTOPOB JIeKaya B OJTHOM IIIOCKOCTH).

HecnoxHno nokazaTh, 4To J1000# BEKTOp X MOXKHO IPEICTaBUTh OJHO3HAYHBIM 00pa3oM B
BujE: X =X'€ +X°€, + X, To eCcThb B KAaueCTBE JMHEHHOH KoMOMHaImu opToB. KoshduimeHTsl
(x', x*,x*) nectb K O M N O HEEKHOPabK B mpuHATOM Oasuce. Eciu Golblire HpaBUTCS, MOXKETE
Ha3bIBaTh UX K O O P 4 W HBakTopaM U

HpI/IMe‘{aHI/IeZ BCPXHHUEC MHACKCHI — 9TO HEC IMMOKA3aTCJIN CTCIICHHA, a IMOIIPOCTY I/IH)IeKCBI! Cre-
IICHU TYT BCIOAY IICPBBIC, BCAb MbI 3dHUMACMC YUCTO JIMHEMHBIMU HpeO6pa3OBaHI/I$IMI/I.

Vmes B Buy MpeaCTaBiIeHUE Yepe3 KOMIIOHEHTHI, BEKTOP Jaiee Hepeako Oymem 0003Ha-
gaTh 110 THITY: (X', X%, X°), wim, Kopoue, X .
Bce moMHSAT, KOHEYHO, YTO OTIEPaIMK C BEKTOPAMH MPEICTABIISAIOTCS B KOOPAWHATAX TaK:

X+y =(x'+y, x> +y?, x* + y°) — crokenue BekTOpoB,



ax = (ax, ax’, ax’) — yMHOKEHHE BeKTOpa Ha YHCIIO.

MaTtpuyHoe npeacraBrieHue

Tensop 310 TabnuIa BETUYUH, ¥ BEKTOP, B YACTHOCTH — TOKE. 3HAYMT, I HUX €CTCCTBEH-
HO MaTpHUYHOE MPE/CTaBJICHUE, HHOTIa IIPUBJICKATh €ro ObIBacT ya00HO. Pazymeercs, BEKTOp 3TO
MaTpHIA-CTONGEI MM MaTpuna-cTpoka. Tak, BekTop X (X', X, X°) MOXHO H300pa3HTh MaTPHIICH:
1

2

3

cc C./ c/ Q

PR

[Tone3Ho BCIOMHUTH XOTs Obl 0a30BbIE€ MOHATHS, OTHOCSIIMECS K MaTpUILlaM — OHM Jajiee
MIPUTOJIATCA.

YnomMuHaHue MaTpHIl HE BBI3bIBAET SHTYy3Ma3Ma y untareneil. Ho onu notpebyrorcs ToIbKO
Ha sTane 000CHOBaHUM, a BOOOIIE-TO CYTh Jieja B TOM, UTOOBI 00XOUTHCS O6€3 HUX.

Mepexoaum K APyrmmMm KoopavnHatam

Ecnu mb1 BeIOEpEeM npyroi O6asuc (Hampumep, MOBEPHEM OCH KOOPJMHAT), TO KOMIIOHEHTHI
BeKTOpa M3MeHsTCs. Pasymeercs, HoBble kKoMmoHeHTHl (X, X%, X°) MOXHO BBIPa3HTh depe3 mpesx-

aue (X', X°, X°), eci 3HATh yIIIbI TOBOPOTA Oceil. 3amaua KaKeTcs BechMa IPOMO3IKOM, ¢ CHHY-
CaMH ¥ KOCHHYCaMH. .. B 061IeM e BHJIe OHa MpOCTa:

Xi= X A e,

X2 =2, X +8,X +8,, (1.1)

X=X + 85X + 3y,

Mo>kHo 3anucatb K03()GUIUEHTHI 8, B BUE MaTPULIbl IPeoOpa3oBaHUs:

€, a, a9
gazl a,, agsg-
€, 35, a4

[IpaBaa, moka HesicHO, YeMy paBHbI ATH K03 duunenTsl... Ho ecTh Xoporas HOBOCTb: MbI U
He OyJieM 3/1eCh HHTEPECOBAThCS UX KOHKPETHBIMU BhIpAKEHUSMU. J[OCTATOYHO UMETh B BUJY, YTO
OHH CYIIECTBYIOT U U3BECTHBI (MOTYT OBITh BBIBEJICHBI, HUIU B3SIThl U3 CIIPABOYHOM JIUTEPATYPHI).

Baxxno of1HO: m1000# 00BEKT, KOMIIOHEHTHI KOTOPOTO Mpeobpa3zyrorces cornacHo (1.1), apns-
€TCs BEKTOPOM. A eCJIM HET — TO He sIBIsieTcs. XOTs Obl OH N300pakaics TpOrKon uncen!

BHuMaHue: eciim B HEKOTOPOH cHcTeMe KOOPAMHAT BCe KOMIIOHEHThI BEKTOPa PaBHBI
HYJI10, TO OHU HYJIeBble U B JII000ii Apyroi cucreme! 10 ke OTHOCUTCS K TEH30paM BOOOLIE.

OnuHa BeKkTopa B NPSAMOYroJfibHbIX KOopAuHaTax

Ecau Mb1 nmMeeM ACKapTOBY, TO €CTh OPTOTOHAJIIBHYIO (a €IIC TOYHEC — OpTOHopMaJIBHyIO)
CUCTCMY KOOPAWHAT, TO JIMHA I'COMCTPUUCCKOTO BEKTOPA X (ee KBa)IpaT) BBIPAKACTCA UCPE3 KOM-
ITOHCHTHI O6H.[€I/13BCCTHI>IM 06pa30M 0 TCOpEME HI/I(I)aropa:

X* = ()2 + (X + (). (1.2)

I[BOﬁKa 3a CKOOKaMu 31€Ch 1/1306pa>1<aeT YK€ MMOKAa3aTCJib CTCIICHU, PA3YMCCTCH.



[Tpu nepexone K ApyroMmy 0as3mcy, KOrja 3Ha4eHUs] KOMIOHEHT MU3MEHATCS, UIMHA JIOJDKHA
ocTaThCs TOH e camoil. Benp oHa sBisieTcst atpudyrom codctBeHHO Bekropa! [To Hamemy yroso-
Py, OHa HE MOXXET 3aBUCETh OT BBIOOPA KOOpAMHAT. [ 0BOPAT, YTO AJMHA HHBAPHAHTHA OTHOCHU-
TEJIBHO IIEpPEX0Ja K APYTUM KOOpAUHATaM; ABIIETCI M H B a P N Ackrdpa M

ITo cymectBy 3T0 ompenensier TpeboBaHus K (GopMmynam NpeoOpa3oBaHUs KOOPAUHAT, TO
€cTh K TOH camMoil MaTpuie KO3hGUIUEHTOB &, . UX 3HAYEHHS HE MOTYT OBITh TPOU3BOIBHBIMU!

Ckansa
BepOﬂTHO, CIIC U3 IKOJIbI BaM 3aIliaJio B IIaMATh HpaBI/IJIOI BCIIMYHUHBI OCJIATCS HA BeKTOp-
HBIC U CKaJIﬂpHI)Ie; BCEC, UTO HE BGKTOp, TO CKaJISIp.

B TenzopHoMm ucumucieHun C K a ATA PoKe TEH30pP (Camblil TPOCTOIl — HYJIEBOTO paHTa).
OTO YHCJI0-MHBAPHAHT, HEe MEHSIOIIeecsl MPHU Tepexoae K APYruM Koopaunaram. [Ipumenu-
TEJNBHO K BEKTOPY, €T0 JUTMHA — KIITACCHYECKHUH cKaisip. Jlamee MbI y3HaeM, YTO CKaJISIPBI TIOTyYar0T-
Cs1 KAK OKOHYATEJIbHBIN Pe3ybTaT CBEPTKH TEH30POB.

JIro6ast U3 KOMIOHEHT BeKkTopa — yucio. U e Bekrop... Ho ckansgpom ero Toxe He cuurta-
IOT: BEIb OTa BCJIMYMHA HC MHBApUAaHTHA.

CkansipHoe npou3BeneHue

Hanomuio o monsitum C K a 1 AP HOT O MBPXxBKDME (QHO HblpaskacTcs dyepes
KOOpAWHAThI TaK:

Xy =Xy + Xy + Xy,

CoOCTBEHHO TOBOPS, KBAAPAT AJMHBI BEKTOPa — 3TO MPOCTO €ro cKAJsipHOe MPOU3Be/ie-
HHe Ha ce0s (Tak HA3BIBaeMbIi C K a N A PHbIW. KBagpart

BHumaHue: Mbl IPMHUMAEM, YTO CKAJIAPHOe NMPOM3Be/eHUE CYlLecTBYeT, U 00J1ajaeT
HEKOTOPBHIMU U3BeCTHBIMU cBoiicTBaMu! Takoe MpoCTpaHCTBO HA3bIBAIOT € B K /T U [1 O B bl M

CkajisipHoe mpou3BeJeHHe TO:Ke MHBAPUAHTHO (Kak i000# ckansap). Benp oHo Hecer
TC€OMETPUYECKUN CMBICI, HE3aBUCUMBIH OT KOOPAWHATHOTO TPEJICTABICHUS. MPOU3BEICHHUE JTHH
BEKTOPOB M KOCHHYCA yIJIa.

Tenepb BBl IIOAI'OTOBJICHEI K TOMY, YTOOBI IIOHATH, B KAKOM CMBICJIE I'OBOPAT 00 HHBapHu-
AHTHOCTH BEKTOpa, 1a U B00OI1IE JTI000T0 TECH30pa. I/I,I[eﬂ, 4YTO TCH30P SABJIACTCA YEM-TO LICJIIOCT-
HBIM, BBIJIMBACTCA B YTBCPKACHHUC 00 ero HHBAPWUAHTHOCTHU IIpH Hp606p330BaHI/I${X KOOpJAHHAT,
HUMEA B BUAY BCE TO, YTO BBI YK€ YCIICJIIM Y3HATh.

HaBepHsika 3aTpoHyTbIE 10 CHX MOP BONPOCHI KAKYTCS TPUBUAIBHBIMU, OOIIEU3BECTHBIMHU.
Ho Teneps — BakHoe mpenynpexaenue. Cienyrouuii naparpad, xots u psaout gpopmymnamu (die-
MEHTapHBIMH TI0 CYTH), TpeOyeT BHUMATEIBHOTO MPOUYTEHHUS: OH KIIFOUEBOH /17151 TOHUMAaHUS BCETO.

OBa cropnpusa

[IpsiMoyrosbHbIE KOOPAMHATHI 3TO Cly4ail Bce-Taku crenuaibHblii. CucremMa KOOpJAUHAT
MOXET OBITh, CKaXKEM, KOCOYTOJIbHOH (€IMHUYHBIC BEKTOPHI HE OPTOrOHANBHBI). SICHO, uTO hopMy-
Ja IS CKaJIIpHOTO KBaJpara oKaxkercs cioxkHee, yeM (1.2). OpHako (M TyT CHOBa Xopolias HO-
BOCTb!) MBI BEIBOJIUTH €€ He coOupaemcs. JIocTaToyHO 3anmucarh B 00IIEM BHE:

x* = gl:l_(xl)z + 922(X2)2 + 933(X3)2 + 912)(1)(2 + 913X1X3 + 923X2X3 + gzlxle + 931X3X1 + 932X3X2-

Otkyna takoe? Jla mpocTo M3 cooOpaxkeHHH pa3MEpHOCTH — 3TO KBaapaTuyHas (opmal
Hexue ko3¢ ¢uienTsl g, 3aBUCAT OT KOHKPETHON CHUCTEMBI KOOPIUHAT.



KoHeyHo, MOXHO TPHUBECTH MOJO0HBIC YICHBI, M TOTJA ClaraeMbiX BeIANET 6, a HE 9... Ho
MBI, HA000POT, CIIEUATIBHO BBOJAUM U3 COOOpakeHHH cuMMeTpun g, = 0, Tak Oyaer yanoOHee.

Teneps 3anuiieM To xe caMoe HEMHOTO UHAYE:

X? = (GrX) X' +(9,6) X +(95) X + (g, X)X + (X)X + (X)X +
+(92X)X +(952°)X +(952X) X"

U oxoHyaTenbHO:

X% = XX+ XX+ XX (1.3)

31ech MBI POCTO BBEJIM 0003HAYCHUS:

X =X +gpX  + gy,

X, = O, X+ G,X° + 0,2, (1.4)

X = G3X + 0gX + QX

Cropripus: popmyna (1.3) Ham 3HaKOMa — CHOBa CKajsipHOe mpowm3BeneHue! B ciaydae ne-
KapTOBBIX KOOPAWHAT KBApaT JUIMHBI 3TO CKAJIIPHOE TPOM3BEICHIE BEKTOpa Ha celds Ke. A 3/1eCh,
IS OOIIEro ciydasi, — 9TO CKaJIsApHOE MPOU3BEeHHE BeKTopa X Ha... uro? Ha HekoTopblii apyroii
BEKTOP X (X, X,, X;) . Ero Ha3pIBatloT K O B € K T TO ¢T1® MOIPSHKEHHBIM BEKTOPOM.

KogekTop siBisieTcst Toxke BEKTOpOM — (akT BOOOIIe-TO HEOUEBUIHBIN. .. TeM He MeHee, 3TO
tak. [ToTOMy 4TO €ro Mpou3BeAeHUE ¢ BEKTOPOM — cKasp (CKaaspHbIi KBaapat). BooOie auHek-
HbI€ ONIEPALIUU C TEH30paMH NMPUBOJAT K TEH30paM xke!

Ho, no3Bosbtre: popmysast (1.4) Ham TOXe U3BECTHBI, 3T0 (OPMYJIBI TPeoOpazoBaHus KOOP-
auHaT, cpaBHUM HX ¢ (1.1). ITomydaercs (omsITh CIOPIPH3), KOBEKTOP — 3TO HUKAKOM HE APYroi, a
TOT e cambiii BekTop X! Ho TOnbKO mpeacTaBiaeHHBIM B HEKOTOPOM APYrod CHCTeME KOOpPIWHAT
(ee Ha3pBarOT MHOTAA 1Y @ 1) H O 1A

BoT BbI M1 TO3HAKOMUWJIMCH C TJIABHOW YJIOBKOM TEH30PHOTO UCUUCIICHUS.

M onsa 4yero OHU HYXHb!I

SIcHO, 4TO B OpTOrOHAIBLHOM 0asuce o0a MpeNCTaBICHUS BEKTOpa X W X COBHANAIOT (TO

€CTb UMEIOT UJICHTUYHbIE KOMIIOHEHTHI). JlyanpHas cucTemMa KOOpIMHAT 37€Ch MOMPOCTY COBIAIAET
¢ rnaBHOM. U TonpKO B 00IIEM cily4ae KOMIIOHEHTHI OYAYT pa3inyaTbCsl.

Ho TOorga, Ka3ajloChb 6I)I, IMPUBCACHHBIC BBIIIEC ITOCTPOCHUA, XOTA U J'IIO6OHI)ITHI)I, HO H3JIHII-
HH. HpOCTO YCIIOBHUMCS HCIIOJIB30BATh JCKAPTOBBI KOOp,Z[I/IHaTBI!

VYBBI, TaKO€ BO3MOKHO He Bcerga. Hampumep, B MICKPHUBICHHBIX IPOCTPAHCTBAX IMepeceye-
HUE CETKHU MapauieNIbHBIX MPSIMBIX HE MOXKET OBbITh BCIOJY MO MPSIMBIM yrioM. B HuX BooOIie Mo-
KET He CYIIECTBOBATh MapauIeNbHBIX MPsAMBIX! (paccMOTpUTE B KadecTBE JBYMEPHOTO MpUMEpa
MOBEPXHOCTD C(EpBl, IIe «IIPSIMBIMU» SBISIOTCA OKPY)KHOCTH OOJIBIINX KPYrOB). A Takue XUTpbIC
MIPOCTPAHCTBA BCTPEUAIOTCA B (prsmKe.

PaSI[eJ'ILI, CHIC OKUAAOIIMUEC BAC BIICPCAH, KAK pa3 U IMOCBAIICHBI IIPUMCHCHUIO TCH30PHOI'O
aIrrapara B HCKOTOPBIX pa3aciiax (1)I/I3I/IKI/I.



1-2. Ba3oBble NOHATUA TEH30PHOIro0 UCYUCNEHUSA

BKkoHmee gblia@ alegivenn Hawnumt @iddfgrodHOls: @Fadzaa@Qtag@
kKBapgpatdzo Otcd Odzls dztB? clamt®dyi W a wax® gxetp My Ax@x’ —B 10A

6ol cuMmcTemMe KoOOpAWHAFN BWHMFe AT a b nilema® o6 RRB |
HMNA KoopaoMHAaT B HeWw ecTb.. HO KakK Obl CKPpPWTFHbH.
nee CJ/OXKHWXAX TaKxXe ner ko adewmmae s@apaemc a Bn @
McocToOuMUT T NaBHaa wupjgesa.

MpaBpa, Takoe BUAoMMOEe ynpoweHue pocTmT a
cTaB/eHMA OAHOTO WU TOrFoO Xe BeKT/OWPBM PBGaE all
MHAOoEeKCa: B B € PBXbLY, WHIaMB EBPHHID® W er (Byn?a) 1w a 3 biB @ T pUA-B a

AaHTHE® Bapunafpreypaca aBJ/1eHNEeE.

KoBapMaHTHOCTb U KOHTpa BaApUaHTHOCTb

OaMH ¥ TOT K€ BEKTOpP MOYKHO 3alHCATh KaK B KOBAPDUAHTHBIX, TAK H B KOHTPaBapHu-
AHTHBIX KOMINOHeHTaX. OObIYHO KakKue-TO M3 HUX SBISAIOTCA JJI paccMaTpUBAEMOIO BEKTOpa
€CTECTBEHHBIMU. TO €cTh JeMCTBYIOUIMMHU UMEHHO B T€X KOOPAMHATAX, KOTOPbIE MPUCYILU 3a]1aue.

Koopaunatbl reomMerpuueckoro BeKTOpa (BEKTOpa IEpeMelleHUs) SIBJSIIOTCH ecTe-
CTBEHHO KOHTPAaBAPMAHTHBLIMH. KoHTpaBapHaHTHEIH BekTOp 0603HayaeTcs B popMe X', TO eCTh C
MHJIEKCOM HaBepXy.

KommnoneHTs! KOHTpaBapHaHTHOT'O BEKTOPA U3MECHAIOTCS KaK OBl IMPOTUBOIIOJIOKHO U3MECHC-
HUIO BEKTOpOB Oasuca (0Tcro/a Ha3BaHue). BoT nmpuMuTHBHBIN NOsICHSIOMUN puMep. [1ycTh MbI
MepelId OT OJHOW CUCTEMBI KOOPAMHAT K APYroi — TaKOM, 4TO:

xtT=kx, x?=x%, x°=x> (k>1).

['oBopst mompocTy, MBI U3MEHUIIM MacIITad EPBOI OcH, cenaB ero Oosiee menkuM. HoBas
€IMHHULIA JUTMHBI Ha 3TOM OCH YMEHBIINIIACh, U COCTABIISIET X OT CTapoil. A COOTBETCTBYIOIIAsl HO-

Bas KOMIIOHCHTA BEKTOpA, HAIIPOTHUB TOTO, YBEIUYWIACH B K pa3 — Kak Obl MPOTHBOTIOJIONKHO Mac-
mTaly ocu. ITO U €CTh KOHTPaBapUaHTHOCTb.

Jl711 KOBapuaHTHOTO BEKTOpa Bce Hao0opoT... Ho 3T0 MBI pazbepem 4yTh HIDKE.
XOTS TOT K€ CaMbIil BEKTOP MepeMEeIIeHUSI MOKHO MPEACTaBUTh U B KOBapUaHTHOU (opme:
X . Ero xoBapuaHTHbIe KOMIOHEHTBI X, X,, X; — 3TO COCTaBJIAOLIME HE B Oa3uce Halel 3axaun. A

B HEKOTOPO# Jpyroi (IyalbHON) cucTeMe KoopauHat. [IpocTo Mbl 3HaeM, Kak K HEW MepPexXOuTh:
yepe3 ko3 durmentsr g, . M moromy Takoil mepexosi 1epKUM B yMe, OCTABIISIEM €r0 3a KaJpOoM.

Ecnu xoHTpaBapHaHTHBIN BEKTOP MPEICTaBICH MAaTPHUIICH-CTOIO0OM, TO KOBAPUAHTHBIN Oy-
JIET MaTPULIEH-CTPOKOM. A CKaNApHBIA KBagpaT & XX OKa3bIBAaeTCs PE3ydbTaTOM MEPEMHOKEHHUS

MaTpul 1o O6bI‘IHOMy [MpaBUITy:
1

2
n

[, % .. x]3 = XX XX XX

CQ\(D\E(D\ (gkm\ Q/
oY e e e el )

Crpasa ¢urypupyet akTuuecku MaTpuia pazmepom 1x1, coctosiiast U3 0THOrO YHca.

Ho, uecTHO TOBOpS, TIpECTaBICHUE B BHJIE MATPHIl — JUIsl TEH30POB JaJICKO HE BCET/Ia MpH-
MEHHMO, ¥ 3]IeCh TPeOyeTCsi OCTOPOKHOCTb.



MpaBuno AMHWTENHA

TenzopHoe ncumncienue 3apoaunock B cepeaune XIX Beka, HO ObIJIO HE CIMIIKOM B XOIy.
CBoe HacTosIllee MPU3HAHUE OHO TMOJIYYUJIO B CBSI3U C OOIIEH TeOpHell OTHOCHUTENBHOCTU DifH-
IITeHHA, KOTOpas He MOKET ObITh U3JIOJKEHA UHAUE, KaK B TCH30PHOU dopme.

MpaBunno 3 HcsewTee HuE @iiee YIPOCTUTH 3alIMCh MHOTHX TCH30PHBIX BIpa-
KEHUH.

B cooTBercTBUM ¢ dTUM IMPaBUJIOM, BBIPAKCHHUC IJI CKAJIPHOI'O KBaJApara 3allMiieTCd KOM-
ITaKTHEC.

X2 = XX+ XX +3xX> = xX .

[TpaBWJIO COCTOUT B TOM, YTO MO HHIAEKCY, BCTPEYAWIEMYCSl IBAKABI (OJMH pa3 HABEPXY,
JIpyroii pa3 BHU3Y) moapasymeBaeTcsi cymmuposanue. To ectb, ab' — 5To mpocTo cokpamieHHas

3ammch BeIpakenus: & ab' . 3aeck unnekc i (mpoberarommuii 3Havenus 1, 2, 3) HaspiBaeTCA H € M bl M

I
B PE3yBTUPYIOIIEE BEIPAYKEHNE OH HE BOMIEN — KaK ObI «COKpAaTHUIICS». B IOJ0OHBIX CiTydasx TOBO-
pAT, uTO nMpousseneHa C B € p. TlaamOHo o Hell OyaeT Huxe.

O KOBapuaHTHbIX BEKTO pax

B npocTpancTse 3a1aH0 cKatspHoe mosie / . [IocTpouM 4acTHBIE TIPOU3BOTHBIE:
L
1 27 3
X X X
WX cMbICI — U3MEHEHUE BEJIMYUHBI 110JIs BJIOJIb JAHHOTO HAIPABJIECHUS HA €AMHUILY IPOTS-
AKEHHOCTH.

Ecnu 511 BenuuuHbl paccMaTpuBaTh Kak KOMIIOHEHTBI, TO MOYKHO YOEIUTHCS, YTO MBI UMeE-
€M JIeJI0 C BEKTOPOM Y: IPHU MOBOPOTE OCEl mepecyeT KoopaAuHaT OyJeT Mo cTaHAapTHBIM (GopMy-
jaM. Takol BEKTOp, KaKk U3BECTHO, Ha3bIBAlOTI pa AW e HT oM nond

[Tycth mMacinTab nepBoii ocu cHoBa cxaiu B K pa3. EauHuna npoTsyKeHHOCTH COKPATHIIACh,
HO CaMo MOJIe-TO He U3MEHUJIOCh. SICHO, YTO U3MEHEHHE TI0JIs B [lepecueTe Ha HOBYIO, YMEHbIIICH-
HYIO €IUHUILY OyJIeT COOTBETCTBEHHO MEHbIIIE:

Wo_ W _1ly
il 1°
it pkx) Kk px
Komrmonenra BEKTOpa USMECHUJIACh B TC K€ CTOPOHY, UTO U MaCH_ITa6 ocu!

Takoe CBOWCTBO BEKTOPOB Ha3bIBaeTCAI K O B a P U a H T BerRropT rpajiuenra ecre-
CTBEHHO KOBAPUAHTEH B TOM 0a3uce, B KOTOPOM 3a7aHo mnoiie. Takum oO6pazom:

gag =2 =y
X

OtMmeTuM cebe IIPOCTOC IIpaBUJIO: €CJIM KOHTpaBapHMaHTHBIC KOMIIOHCHTEI CTOAT B 3HAMCHA-
TCJIC, TO MBI ITIOJTYYUM KOBAPUAHTHOCTD. n HaO60pOT, pa3yMmecTCA.

TeH30pbI

[Mepenumem emie pa3 hopmysnsl (1.4) nonydeHHss KOBAPUAHTHBIX KOMIOHEHT U3 MCXOIHBIX
KOHTpPaBapHUaHTHBIX:

X = gllxl + 912)(2 + 913X3'



X = ngxl + gzzx2 + 923)(3 ' (1.4)
X = g31X1 + gszx2 + 933)(3'

W npucMmoTpuMces K BbIpaKEHUSAM. Mbl YBUJUM B HUX PE3y/IbTaT YMHOKEHUS ABYX MAaTPHIL:

ex g €d; G, U130 é'xlg

gled:g 21 Y22 92333 gng

BGl 89 U Ul 8

[TomHUTE, MBI YIOMSIHYJIH, YTO BEKTOP 3TO YacCTHBIN ciaydail TeH3opa? Ilopa yrouHuTh, 4TO
BEKTOP 3TO TEH30P NMEPBOro paHra (MHOTIa BMECTO «PAHI» TOBOPST «BAJICHTHOCTHY).

A B mune marpunst 3x3 (0, ) MBI 3HAKOMUMCSI 31ecCb CT € H3 O p O M B T.Ad¢@®F O
TPETHETO paHra MPUAETCS yXkKe MPEACTaBUTh ceOe B BUE TPEXMEPHOH, Kyouueckoi Tabmumpl. 1 Tak
nanee.

KonndecTBO MHICKCOB B CHMBOJMYECKOM O0O3HAYEHUU COOTBETCTBYET PAaHTy TeH30pa. A
JUTMHBI CTPOK M CTOJIOIIOB BCET/Ia COOTBETCTBYIOT YHCITY U3MEPEHUI MTPOCTPAHCTBA (B HAIIEM TIPH-
Mepe OHO TPEXMEPHO).

3anncb TEH30PHbIX Bblpa)KGHMﬁ

3anuiem (1.4) cokpalieHHOHN 3aMuChIo:
— k
X =G X (1.5)
Yro mbl MOKEM yeMmoTpeTh u3 (1.5)? MHoroe.
1) DT0 3anuck, yKOpOUYCHHAS 10 MPaBUITy DUHIITEHA. B 0JIHOM BHJIe OHA BBITJISIUT TaK:

x=a gikxk : (1.5a)
k

31ech K 310 HeMo#t nHaekce (He Momaaaronuii B pe3yibTar).
2) g, 2TO ycioBHOe 00Oo3HaueHHE K O B apPp M aHTHOT O 0 ep albrgpa@ao B T ¢

MOTOMY 4TO JBa MHJEeKca. KoBapHaHTHOTO — MOTOMY YTO MHJIEKCHI BHU3Y. A BHU3Y MOTOMY, YTO
€CTh MPaBUJIO: MOBTOPSIOIINECS UHACKCH JOJDKHBI YepenoBarbes (Bepx — HU3). [lpu komOuHMpO-
BAaHUM KOBAapHAHTHBIX M KOHTPABapUAHTHBIX KOMIIOHEHT 3aKOHbI UX MPeoOpa3oBaHUs B3aUMHO
«COKpAILAITCS.

3) Pe3ynbrar siBisieTcs KOBAPUAHTHBIM BEKTOPOM (i BHH3Y), IOTOMY YTO U CIpaBa UHICKC |
KOBAapUAHTHBIN.

4) KonuyecTBO M3MEpEeHHUIT MPOCTpaHCTBA (KOJIMYECTBO 3HAYCHUH, KOTOPbIC poOeracT muH-
JIEKC CYMMUPOBAHMsI) 3/1€Ch SIBHO HE BUJIHO, U JOJDKHO MOJPa3yMeBaThCs U3 KOHTEKCTA 3aJauu.

5) CootBerctBenHO, o (1.5a) cieayer monumarh Tpu hopmyast wis | =1, 2, 3:

x=a glkxk )
k

X, =a gzkxk )
k

X =a 93kxk .
k

Ho 510 BCce ToXke ocTaeTcs 3a KaZApOM, KaK HCMHBApHWaHTHasA (l)opMa, oT KOTOpOfI MBI yXO-
JHUM.
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TeH30pHbLIe onepaunn. NpousBeaeHue

B03MOXHO IOKOMIIOHEHTHOE CJIO’KEHUE TEH30POB OJIMHAKOBOW CTPYKTYPbI, YMHOKEHHE HUX
Ha 4YUCJI0O — HA 3TOM 0C000 3aaepxkuBathcs He OyaeM. IIpocTpaHCTBO TEH30pOB, KaK M B ClIydae
BEKTOPOB, MOJIaraeM JIMHEHHBIM, TO €CTh PE3YyJIbTAaT TAKUX OINEpaluii OyJeT CHOBA TEH30POM.

[To GosbIIOMY CHYETy IPUIETCS UMETh B BUJy IB€ OCHOBHBIE OTIEpally ¢ TeH30pamu: M eep-
M H O X ewcvBee p. D1k enepanuy HaJl TEH30PAMHU NPUBOAAT K TEH30PaM iKe.

Bot unmnmroctpatiust TEH30pHOTO MPOU3BEACHUS:
élxl V'Yt Y o
X3 yk = Xk = gxlyz X2y Xsyzgl
;@(1y3 X2y Xsyaﬂ
Kak BumuM, pesynstupyroumii Tensop X' 310 TeH30p cymmapHoro paura. OH COIEpKHT

KOMIIOHEHTBI, PaBHbIe NMPON3BEeJeHUI0 KOMIIOHEHT COMHOKMTeJIell — KakKIbIll € KaXIAbIM. A
BCE€ MHJEKChl COMHOXKUTEINEH MPOCTO MEPENUIN K IPOU3BEACHHUIO.

3aMeThTeE: KaKJad CTpOKa MaTpulbl MPOU3BCACHUA — 3TO HCXO)IHBIﬁ BCKTOD Xi C HEKOTO-
peiM K03punueHToM. To k€ OTHOCHTENBHO CTOJOLOB. ['0OBOPAT, YTO TEH30pHOE MPOU3BEACHUE
IpeACTaBIsieTciI 0 NOY HOW MaTpuuemn

BHumaHue: U3 TOro, 4To Npou3BeaeHNe IBYX BEKTOPOB 3TO TE€H30p 2-T0 paHra, BoBce
He cJieayeT, uTo (z¥ B tBakoii TEH30p MOKHO NMPEJACTABUTDH NMPOU3BEIeHHEM HEKOTOPHIX BEK-
TOPOB!

A, nanpumep, npoussenenue: A*3 B =C*mn — Gyaer Tenzopom 5-ro panra. ITpuuem,
KaK ToBOpAT, C M € LU a Hasak/MI KOHTpaBapUaHTHEIM U TPHU pa3a KOBapUAHTHBIM.

BHumaHue: TeH30pHOe Npou3BeldeHne HeKoMMyTaTuBHO! [lomeHsemM mectamu X U Y —
TeH30p X Takke U3MEHUTCS (B JaHHOM cllydae MOMEHSIOTCSI MECTAMU CTOJIOLBI U CTPOKU, MaTpHILIa
nepeaeTBT PaHC N OHU)P OBAHHY IO

CBepTKa

Mpsl y)xe OTMETWJIM CBEPTKY — Ha IMpHMepe CKaJspHOrO KBajpaTa BEKTOpa: MpocTeuiias
CBEpTKa 3TO CKaJSIpHOE MpousBeaeHne. PaccMoTpum Bompoc noapoOHee.

C B € p BOBHAKAET IpU 3alKCU MEPEMHOKEHHUs, KOTrJa OJUH U3 WHJICKCOB MOBTOPSETCS
cBepxy u cHu3y. Tak npousBeacHue:

A*B,  =CXmn — GyzeT uMeTh He 5-if, a 3-if paHT: IPH OJHOKPATHOM CBEPTKE PaHT MOHIKa-
ercsi Ha 2. 371eCh CBEPTKa HJIET M0 MHICKCY i.

BCHOMHI/IB, qTo0 HOBTOpHIOIlIPIfICH HHJACKC O3Ha4YacT CYMMHPOBAHHC, pacClUIICM HaIly
CBEPTKY JCTAIBHO:

A\ik BIml’l = a /A\ik Blmn = Alk Blmn + A2k BZmn + A3k B3mn '

31eCch BUIHO, KAKUM 00pa3oM MPonagacT HeMOM HHJIEKC i.

CBepTka TeH30pa 2-TO paHTa BHYTpPHU ce0s Ha3bIBaeTcs C /1 € [ediskipa, CIeIHaliCThl CTa-
pOif IIKOJIBI NPEIMOYNTAIOT HEMEIKHUIl SKBUBaNeHT: LN Y (Ppur). Tak KBaapaT JAIMHBI X = X X

3TO cien (Wmyp) TeH3opa XiI =X3X: X2 =5p Xi'. B aHrmos3p4HON IUTEpaType BCTpEYaeTCs

obo3Hayenue Tr (trace). B mpsMOyroibHbIX KOOpAWHATAX 3TO CyMMa JJIEMEHTOB €ro IJIaBHOM qua-
TOHAJIH.

O4eBHUIHO, UTO CJIel, KAK JI000# CKaJIAp — HHBAPHAHT.
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MHBapuaHTbl TEH30pa

MBI 3HaeM, 4TO MHBAPUAHTOM BEKTOPA SBJISIETCS €r0 JUIMHA, BBIPAKAIOIIASCS Yepe3 CBEPTKY
BEKTOPa C KOBEKTOPOM. A YTO C TEH30pOM OOJIbIIErO paHra?

JIro00i1 TeH30p MMEET MHBAPUAHT (CKAJIAP), MOTYJAIOIMIMNACS CBEPTKOM € CONPSKEHHBIM TEH-
30poM. Tak, HHBAPHAHTOM TEH30pa BTOPOTO PaHra, ABAK/B KOHTpaBapuaHTHOTO: A* — Gyer,
OuEeBH/IHO, Bhpaskerue: A*A, . Bbl He 3a0bLIH, 4TO 3TO HE YTO MHOE, KaK JIBOHHAS CyMMa?

Panu nosiHOM sicHOCTH, BCe-Taku pacluIIeM, YTO TaKoe JBOiHas cBepTka. CHavasga cBEpThI-
BaeM, HaIpuMep, 1o WHJCKCY i:

AikAk = AlkAik + AZkAzk + ASk%k-
BropbiM 11arom cBepThiBaeM 10 K KakIbIi M3 TPEX MOJTYUUBIIMXCS YWICHOB!
AikAk = (All 1t Alzplz + A13A13) + (AZl 1t A22A22 + A23A23) + (A31 1t A32Az2 + A33%3) .

YT0 mosyyeHHOE IPOMO3JIKOE BBIPAKEHHUE SIBJISICTCS MHBAPUAHTOM, TO €CThb HE 3aBUCHT OT
CUCTEMbl KOOPJIMHAT, HUUYTh HE «04eBUAHO»... Ho MbI B 3TOM yBepens!! IIpocTto nmotomy, uto B
pe3ynbTaTe JBOMHON CBEpTKH BCe MHIEKCHI MponaaarT. CienoBaTeabHO, 0053aH MOITY4YUThCS CKa-
JISIp, HE 3aBUCSIIHAN OT IPUHATBHIX KOOPIUHAT.

Kax BHJIUM, BBINIOJTHEHUEC IMMPOCTHIX IMPAaBUJI ONICPHUPOBAHUA HMHIACKCAMU H30aBJIsAET OT TPpyao0-
C€MKHUX JJOKa3aTCJIbCTB.

PasymeeTcs, MHBApMaHTOM KOMOMHMPOBAHHOTO TeH3opa A GyzeT Benuunna A‘A .

MeTpuyeckumn TeH30p

3aBepIInB 3aTSHYBIIUICS AKCKYpC B OOIIME BOMPOCHI, BO3BpAIIAeMCsS K TOMY, C 4ero BCe
Havyanoch — K popmyse A UTMHBI BEKTOpa (TOYHEE, CKAISIPHOTO KBaJIpaTa):

XZ = XX+ XX+ XX (1.3)

Ceityac Mbl yM€EM 3aIucaTh €€ B COKpPAIllEHHOM BH/JIE:
x?=xX. (1.3a)

BcniomuauM Ternepb, 4To:

X =gy X" (1.5)

[Toncrarnss B (1.3a), umeem:

x? = gy XX (1.6)

DT0 00U BUI TEH30PHOTO BBIPAKEHHS VIS JUTHHBI, HCIIOJB3YIONIee KOHTpaBapUAHTHBIC
(ecTecTBEHHBIE) KOMIIOHCHTHI.

Tenzop g, ecTb MeTpHYecKHi TeH30p mpocTpancrBa. Me T p M 4 € C K Watlo (MR-€ H 2
TEMaTHYECKH) KaK Obl MPaBUJIO BBIYHMCIICHUS JUIMHBI JIFOOOTO BEKTOpPA IO 3HAYEHUSIM €r0 KOMIIO-
HenT. [IpumenutensHo K (1.5) roBopsT, 4To 31€Ch BEKTOp X C B € P T bl BcaI@@eckuM TeH-
30pOM H MOJy4aeTcsi BEKTOp X . To ecTb MeTpruecKuid TEH30p 3TO €lIe U croco0 npeoOpa3oBaHus
KOMITOHEHT — OT KOHTPaBaPHAHTHBIX K KOBAPUAHTHBIM M HA00OPOT.

Tenepb 1S BRIpOKEHUS CKAIPHOTO KBajpara BEKTOPa MbI TEIEPh MMEEM Psji BAPHAHTOB
(ua BBIOOD):

X2 = )gxi ;
X* = gy X X
X" = g X

12



AHAJIOTMYHO 1715 CKAJISIPHOTO MPOU3BEACHMUS:

Xy =Xy
Xy = Gy X Y*;
xy =g"X Y-

3amaua. B nBymepHOM (paau mpocToThl!) MpOCTpAaHCTBE ONYCTUTH MHICKCHI TeHzopa X '™
(To ecth, IpeoOpazoBath ero B X, ).

Crnemaem B aBa 3Tama. CHavajga OMyCTUM BTOPOI WHIEKC:
i ik
X'm=0,X" .
[pocro Bpozae 6b1. Ho ecniu meranbHO, TO TYT 3amKicaHa CBEpTKa:
ik — i1 i2
gkmx - glmX + meX '
A BOT Halle npeo0pa3zoBaHne B MATPUIHOM BUJIC:
Ay 11 12 A 11 12 11 12
gx X g v ggllx + ngx ngX + g22>< g
Cy 21 22U c 21 22 21 22U
eX X u egllx + gzlx glzx + gzzx u
Bropoii sTamn — onyckaHue IepBOro HHIEKCA:
Xim = 0y X'm. To ecTs:
_ 1 2
le _g]JX m+gZIX m-
3amnuiiemM BCEro JHIb OJIWH J3JIEMCHT HTOrOBOM ManI/IHI)I:

X11 =001 X 40,0, X2 + 0,0, X + 0,0, X 2.

Kak xopoiiio, 9To BMECTO TAKOro yKaca MOKHO HAIHCaTh MOMPOCTY:

Xim =0y gkmxik'

YnpolieHue TeH3opa

CooTHomenue: Xy =g, X'y — 3anuimem B 1Ba AeiiCTBHA: CHAYala MEPEMHOKUM TEH30PHO

Z* =x'y*, nomyuns Tenzop 2-ro paHra; 3aTeM NMpOM3BEIEM IBYKPATHYIO CBEpTKY: J,Z" = cka-
asp.

[Tomyuaercsi, YTO MOKHO JIFO0OW TEH30p 2-TO paHTa NPEBPATUTh B CKAJsp, CBEPHYB €ro C

METPHUYECKUM TEH30POM. B IIPSAMOYTOJIbHBIX KOOpJAUHATAX — MPOCTO B3SITh CYMMY 3JIEMEHTOB TJIaB-
HOM IUaroHaJId.

J171 TeH30POB BBICOKHX PAHIOB — aHAJIIOTUYHO MOKHO TIOHU3UTH PAHT HA 2.
B 110100HBIX ciTydasix TOBOpATO 6 Yy M pOWEe HM N TeH3O0pa

CBoncTBa METPUYECKOro TeH30pa

Mkl He yYTpy:Kaajin ce0s BEIYHCIECHUEM COCTAaBJIAOIHUX METPUUCCKOTO TCH30pa, U IIOTOMY
KaKCTCA, YTO IMMPO UX 3HAYCHUA HUYCTO CKa3aThb HEJIb34. Ho »10 He Taxk.

Bo-niepBbIx, BCIOMHUM, 4TO KO3()(PUIIMEHTHI B BBIPAXKEHHUH UIS JUIMHBI MBI (M3 cooOpaxe-
HUI CUMMETpHHN) BBOJWIN Tak, 4To G, = J,;. BOoT Bam u nepBoe cBOMCTBO METPHUUECKOTO TEH30pA:

ero MaTpua C U M M € T [PPHeMeHTR, CHMMETPUYHbIE OTHOCUTENILHO TJIABHOW JMAaroHau, OJu-
HaKOBBI).

aiee, B 1ekapToBiX KoopauHarax X2 = (X)%+ (x?)% + (x%)?, 1o ecTh, MeXIy X W X HeT
p p y

Pa3HUIIBIL. I[CJ'IaCM BTOpOﬁ BBIBOI: MMCHHO 31CCh MeTpI/I‘-IeCKI/Iﬁ TCH30P BBITJIIAINUT KpaﬁHe MpoCTO:

13




¢l 0 Og
_é U
g =0 1 0f (1.7)
€ 0 1y
I’IHGHLI CO CMCUHIaHHBIMU HHICKCAMHU (| R k) B BLIpa)KeHI/Ie IJIA JJIMHBI HE BXOIISIT! I/ITaK,

METPUYECKHI TEH30p OOBIYHOTO €BKJIMIOBOTO MPOCTPAHCTBA VIS CIIydasi IPSIMOYTOJBHBIX KOOPIH-
HAaT sSBISETCI 4, M @ T O H & /1 b H Q iiprnudMaBCe ProMeHBbIifIaBHOM qUaroHaIi PaBHbI SANHU-

Ic.

EQOUHNYHLIN TeH30p

[Tos1e3HBIM TOHSITHEM SIBISIETCS € [, U H U Y H bl ioboTH&IaE86i P U MB O TO M K p ¢
d*. Ou onpenensiercs Tak:

ax = x 1.8
1
— JUis JTI000T0 BeKTOopa X. EMMHUYHBINA TeH30p Kak Obl BhIACISET KenaeMmyto (K-r0) Komrio-

HEHTY BEKTOpA.
CreBa 3amucaHa cyMMa — pacKpoeM ee:

[ 2 — Kk
d'X = d'X + dEXE +aixC = X6
21.]’[51 BBIIIOJTHCHUA paBEHCTBA HY>KHO, 4TOOBI paBHAJIAChE CAUHUIIC TOJBKO Ta KOMIIOHCHTA dlk

, Iu1st Kotoporo | =K. A ocTajbHbIE 0/DKHBI OBITh HYJIEBBIMH. 3HAYHT, €MHUYHbINA TEH30pP BBHITIIS-
JHAT TOYHO Kak (1.7)!

[Tepeiinem Kk apyroi cucteMe KOOPAMHAT, KOMIIOHEHTBI BEKTOpa M3MEHATCS. M e IMHUYHOTO
TeH30pa Toxe... Ho 1o, 4To MBI pazbsicHiiM oTHOcUTENbHO (1.8), ocTtaercs, TeM He MeHee, B cuie!

[onyuaercs, 4To TeH30p df 061afaeT peKUM CBOHCTBOM: €ro KOMIIOHEHThI OJHHAKOBDI

B JIIO0O0# cucTeMe KOOPAMHAT, HE U3MEHSIOTCS.
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2. TeH30pbI B PeNATUBUCTCKON MeXaHUKe

B ¢dunusunke, B OTAMYMe OT TrTreomMeTpunwn, cyuwec
yacTKU nNepexofga MeXAYy —-MHOCE@BMTIMMPOCCEHA/BLIT® b
Mbl C B3aWMHO MNOBEPHYTbHLMU OCSAMU, CKOMTbKO CMuC

TeH30pHbLIW CcTUANb GOPMYNUPOBKN CNeELUNaAHIEBKH O i
TOPAOPMUY MHBNA] dzdzts?2 ftetsdiy Y 2ZIsts¢, ~n Ot O¢ 5§ @i Egtizs h
ddze OtcdgQigzle p nepexopge K A[Apyroin, 0BBXKY wWeneagqc
ONbITOB.

MBTO Xe BpemMsas ONbITbl NOKa3blBawT, 4YTO H#3l
HbIX CUCTEeMaXx3HEaMHBHAKWMHBIO . AO0ONXHbB pgonycKkKaTb Qo]
bopmMea,K He BaBUMCEHMMBRKPETHLLX KOOEEMH,aTKaKl nonec
HEKOTOpPbEe UNUHOBTAHDOMCAVMHTTEBNI b HO MNEepPEexXo0A40B MeXAayp-A4B
ANHELM.CTEeMb KoopAauHAT O6ypaemM nonaraTtTb WUHEPLUMN:

Pusnyeckne BEKTOPbI U TEH30PbI

Belmie MbI paccMaTpuBalid BEKTOP NMEPEMENICHHS] — OH UMEET YUCTO T€OMETPUUECKYIO MPH-
poay. Ho Tenepr MbI epexoiuM K BEKTOpaM U TEH30paM (PU3HKH.

PaccmoTpuM B KauecTBe mpuMepa BEKTOpP CKOPOCTH. UTOOBI MOJYyYUTh KOMIOHEHTHI, HAJ0
MIPEJICTaBUTh €r0 B BUJIE JINHEHHOW KOMOMHAIIMHM OPTOB MIPOCTPAHCTBA... HO BOT Oesia: reomeTpuye-
CKHE OPTBI IMEIOT Y HaC JAPYryI0 pa3MEPHOCTb — Pa3MEPHOCTh PACCTOSIHUSA, & HE CKOPOCTH!

BnqueM, BC€Ib Mbl UMCCM BBIPAXKCHUEC, CBA3BIBAIOIICC CKOPOCTh C IEPEMCIICHHUEM

o 2 ~ i
i adx' dx* dx’9_ dx
i 2 2\ — —
VLV V) s, —, 8= ——.
c dt dt dt X dt

CKopoCTb 3TO BEKTOpP MOTOMY, 4TO AuddepeHIupoBaHie — JIHEWHas onepanus. A Bpems t
B HEPEJIATUBUCTCKON MEXaHUKE PacCMaTPHUBACTCS KaK CKaJIsp: OHO MHBAPHAHTHO.

KoMmoHeHTBI BEeKTOpa CKOPOCTH B MPHUHATOM Oa3uce KOHTpaBapHUaHTHBI ((popMalibHO: Tak
KaK KOHTpaBapUaHTHBII UHJIEKC B YHCITUTEIIE).

AHaJIOTHYHO BBOAUTCA KOHTpaBapI/IaHTHHﬁ BEKTOP YCKOPCHMUA:

a'(a',a’ a3):§‘dv1 ﬁ ﬁé
e ;?a’ gt dt 8

PaCCMOTpI/IM BCKTOp CUIJIBI. I/I3 (1)0pMy.TIBI, CBHSLIBaIOH.[efI cCc C YCKOPCHI/IGM, HUMECEM.:
fl=md = (mat mét, mff).
3,[[60]5 BeKTOp CHUJIBI OKA3bIBACTCia B KOHTpaBapI/IaHTHBIX KOMIIOHCHTAXx, HOCKOHBKy HNHAOCKC |
CIpaBa KOHTPaBapHUaHTHBIN (a Macca M — cKajsp).

Opnaxo 3anuiieM GopMyiTy s CHJIbI B TIOJI€ MOTEHIUana /
f =kgrad/ (xoaddunment K 3aBHCUT OT MPUPOIBI TTOIS).

v vy

" TCIICPb BCIIOMHUM, YTO BCKTOP I'paluCHTA E1 —> 13 KOBApHAaHTCH B 6a3nce, B KOTO-

POM 3alaHO noie! D10 BUJIHO U (I)OpMaJ'ILHO — M3 TOro, 4YT0 KOHTPAaBAPHUAHTHBIC KOMIIOHECHTDLI
CTOAT B 3HAMCHATEJIC. 3Ha‘{I/IT, 1 BCKTOP CUJIbI JOJUKCH IOJYYHUTHCA 34€Ch B KOBAPUAHTHBIX KOM-
ITOHCHTAax:
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ok B iki
DTSN VT

[pupaBHATE ero k Mma 6yaer popManbHO HENPaBMILHBIM. IIpHieTcs CBEpHYTh C METpHYE-
CKHM TEH30POM IIPOCTPAHCTBA, IIOJIyYUB KOPPEKTHOE COOTHOLLICHHUE:

kH_g* = ma.
X

- OOI

Pazymeercs, B TpeXMEpHBIX I€KAPTOBBIX KOOPJAMHATAX TAKOE YCIOXKHEHUE uznuine. OqHa-
KO B CHELIMAJILHOW TEOPUU OTHOCUTEIBHOCTH UCHOJB3YETCs JPYroe MPOCTPAHCTBO, B KOTOPOM pa3-
JIM4YKME KOHTPABAPUAHTHOIO U KOBAPUAHTHOTO MPEACTABICHUS IPUXOIUTCS YUUTHIBATh.

MpoctpaHctBo CTO

Boisicuuocsk, 4to nHBapuaHToM siBisiercst d dzls | tc ©Ou@mdzinee, ero kBajpar) onpee-
JISieTCsl CIEAYIOUIUM 00pa3oM:

s =(ct)’- x*- y*- 22 =(ct)* - r?. (2.1)
Cucrema xoopausHat X, Y, Z 371ech AeKapToBa, a C — QpyHIaMeHTalbHas KOHCTaHTa, UMEIO-
1asi pa3MEepHOCTh CKOPOCTH. M, COOTBETCTBEHHO, SIBIAOMIAACS NHBAPUAHTOM.

Koncranty C yacto Ha3piBatoT C K O P O C T b.Hlo mp@LisHe® cKazaTh, YTO CKOPOCTH
CBETa paBHA JIAaHHOW KOHCTaHTE. MBI 3TO OKaKeM, XOTsI 1 HECKOPO.

TpexmepHbIil BEKTOp I BhIpa)kaeT MPOCTPAHCTBEHHYIO JUCTAHIIUIO COOBITHS OTHOCUTEIHHO
Hayajia OTCYeTa, a BeTUYMHA Ct — BpeMEHHYI0. B 11e70M ckaliip S BbIpa)kaeT «pacCTOSHUE) MEXKIY
C 0 6 bl T U[KPAATPAHCTBO, KOTOPOE MBI pacCMaTpUBaeM, 3TON PO CTPaHCTBO CO

®opma (2.1) HaMOMUHAET CKASIPHBIN KBAJpaT, TOJIBKO 3HAKU CIIaraeMbIX HEOOBIYHBIC: MPO-
CTPAHCTBO PEJSITHBUCTCKOIl TEOPUHU He eBKJIUI0BO, a NCEBI0EBKINAOBO, BOT B 3TOM BCE JIETIO.

MeTpuka 4-npocTpaHCcTBa

®opmy (2.1), comeprkalnyio 4eThIpe KBaAPATHUHBIX 4WiI€HA, yA0OHO MPHITHCATh YETHIPEX-
MEPHOMY TPOCTPAHCTBY COOBITHH — M PO C T PaHCTBY cMwpikaordg: KoX YOz .

[IpuMeHnM K HUM 0003HAYCHHUS X%, X', X2, X, u Torna:
2 0y\2 2 2\2 3\2
= (X°)?- (X)?- () - ()2 (2.16)
Ho Benp B 001116M BUC CKATSPHBINA KBAJAPAT 3aITUCHIBACTCS:

S = Qoo(X°) + 91, (X)? + 9,,(X%)? + Ga5(X°)? (WIEHBI CO CMEIIAHHBIMU HHJEKCAMH Y HAC OT-

cyrctBytot). CpaBHuBas ¢ (2.10), rae GurypupyrorT MHHYCHI, OJIydaeM sl 4-MEPHOTO MeTpHhYe-
CKOTO TEH30pa:

Joo =1, 9,;,=0,, = 055 = -1 (ocTanbHbIe KOMIOHEHTHI HyJEeBbIE). B MaTpudHoii hopme:

el 0 0 Og
?o -1 0 oﬂ 5

Oi = €0 0 -1 ou : . [lepen Bamu MeTpuYecKuii TeH30p 4-NPOCTPAHCTBA.
O 0 0 -1

Ecnu Obl Bce ArieMeHTHI TTIaBHOM AWaroHaal METPUUYECKOTO TEH30pa PaBHSIIUCH |, pa3HUIIBI
MeX1y KOBapHAHTHBIM U KOHTpaBapuaHTHBIM MpeAcTaBlIeHuEM He OblIo Obl. B Hammx e Koopau-
HaTax (MX Ha3bIBAlOT I & /1 U N €) 1@ Hd ®ard BoT moToMy U mpuxoauTcs OpaTh B COOOpakeHHe
TE€H30pHbIE MPUMOYKU. HecMOTpst Ha TO, YTO KOOPAUHATHI 4-IIPOCTPAHTBA MPSAMOYTOJIbHBIE.

BLIpa3I/IM HHTCPBAJI 4CPEC3 KOOPAUHATHI 4-BCKTOpaI
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s =(X°)%- (X)%- (X0)?- () =xX%°- XX - X°X% - X
[TpuBeaemM 3To K cTaHIApTHOU (POopMeE CKAIIPHOTO KBajpara:
S = X% = X%, + XX + XX, + XX, (2.2)

Kax Bcerna, kBajipaT AJIMHBI 3TO CKAJIIPHOE MPOU3BEACHHE BEKTOPA HAa KOBEKTOP.

NuddepeHUumnan nHTepBana

B nanpHeiimem Ham OyaeTr mMosie3HO BhIpakeHue s quddepenimana narepsana. 13 (2.2)
OYEBM/JIHO:

ds’ = dxXdx = dx’dx, + dx'dx + dx’dx, + dx’dx . (2.2a)

Ho sta dopmyna neynobua: ds He siBisiercs moiHsM auddepennnanom. Beap uHTEpBan
9TO (YHKILHMA IBYX MEPEMEHHBIX — I' U t, U IpHU 3TOM I Toke QYHKIUS BpeMEHHU. Y TI0OHO BBIPA3UTh
ds depe3 0JHy HE3aBUCUMYIO TIEPEMEHHYIO 1.

[IpocthiMu TpeoOpa3oBaHUSIMU MTOJTYYAEM:

dS:dt\/Cz‘ W- W' W =dt\/C2- Vi' V>2,' Vf :Cdt\/l' VZ/C2 . (23)

Hcnonb3oBanHbIe 0003HAYCHNUS, KAXKETCS, IIOHATHBI 0€3 TTOSCHEHUH.

BHumaHue: V — He eCTb CKOPOCTh KAKOI0-TO KOHKPETHOro 00beKkTa! 9TO MPOCTO OTHO-
[IEHHWEe TPUPAIIECHUS JMHEWHOTO TPOMEXYTKAa MEXKIY COOBITUAMH K BPEMEHHOMY MPOMEKYTKY,
HMelolIee Pa3MEPHOCTh CKOPOCTH. BriosiHe Bo3MokHa cutyanus, korga V>C. Yro Oyaer cooTBer-
CTBOBAaTh MHIMOMY MHTEPBaIy — KaK TOBOPIT, TP OCTPAaHC TBEHHONOAOOBHOMY

YeTbipexBeKTopbl

WTaK, KOHTpaBapHAHTHBIA reOMETPHUYECKHH BEKTOP X OT coObITHA A K coObITHIO B nmeet
xommoHenTsr: X°, X', X*, X>. 31ech mepByro (TouHee, HYNEBYI0) KOMIOHEHTY X° =Ct Ha3bIBAIOT

BpEMEHHOH, OcTalbHble — IPOCTPAHCTBEHHBIMU. X 9TO BEKTOP B UETHIPEXMEPHOM HPOCTPAHCTBE
(ToyTbKO HE PBKIMIOBOM, all C € B [, O 3 B)KKAKMOBOPsB-O4B € K T O p

Boo6mie y moboro 4-sexropa CTO, kakoe Obl pu3HUECKOE COJIep)KaHUEe OH HU UMEII, HyJIe-
BYI0 KOMIIOHEHTY HAa3bIBalOT BpeMeHHOi#l. Tpu ocrajibHble KOMIOHEHTHI HA3bIBAKT MPO-
CTPAHCTBEHHBIMH. B COBOKYIHOCTH TOCIEIHHE OOpa3yrT TPEXMEpHBIH BEKTOp. UTO MpPHUHATO

ycIoBHO m306pakats tak: X (X%, X).

KOH@‘IHO, TpeXM@pHLIfI BCKTOP X YK€ HC UMCECT TCH30PHBIX CBOMCTB OTHOCHUTEIBHO nepexo-
Aa MCKAY ABMKYIIUMUCA CUCTEMaMH KOOPAUHAT (He I/IHBapI/IaHTeH).

BHuMmaHue: TpexMepHbIil BEKTOP He COXpPaHseT CBOM KOMIIOHEHTHI IIPH MEPEX0JIe MEXK-
Iy cucteMaMu KoopauHat. M3MeHsieTcss BpeMeHHasi KOMIIOHEHTa 4-BeKTopa — 3HAUYUT, 00s3aHa U3-
MEHUTBCS XOTS Obl OJIHA MpocTpaHCcTBeHHas. OH He cOXpaHseT Jaxe JAJIUHY (€CIU TOJIBKO ITO HE
TPUBUAIBHBIN TPEXMEPHBIN TOBOPOT).

ComoctaBnsin S = X" - XX - X% - XX um §° = X% + XX + XX, + X°X;, BuBOmUM 4-
BEKTOP B KOBAPUAHTHBIX KOMIIOHEHTAX:
— 0 — — 2 — 3
)ﬁ()%l)&lle)%)’rﬂe)(o_xl)ﬁ_-xllxz_-xl)(g_-x'

BuuMmanmue: 1Jisi npeo0pa3oBaHUsl K KOBAPHMAHTHBIM KOMIIOHEHTAM M 00pPaTHO HAaA0
JIMIIb NMOMEHSATh 3HAKH Iepe] BCeMH KOMIIOHEHTaMH, KpoMe HyJieBoi. IIposepbre, uTo co-

6aro/1aeTes Kiaccuueckoe: X = g, X~ .
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Mex 1y MpOYHM, 3TO MO3BOJISIET YCTAHOBHTH, Kak BoINIsAUT B CTO Ay @ N1 b H bl firor 6 a
caMblii, B KOTOPOM BEKTOPBI MIPUOOPETAIOT CBOM KOBAPUAHTHBIE KOMIIOHEHTHI). OH OTIMYAETCS OT
TJIABHOTO 0asuca MpoCcTO CMEHOW HAMpaBICHU MPOCTPAHCTBEHHBIX OCEH Ha MPOTUBOIIOJIOKHBIC (a
BPEMEHHAas OCb HE MEHSIETCS).

OO6paTuM BHUMaHHE, 9T0 XX, + X°X, + X°X, SBISETCS BEJIMYIMHON oTpuuarensHoi! Otcrona

KBaJpaT MHTEPBAJIA MOXKET OBITh MOJOKUTEIBHBIM (BPEMEHHUIOI0OOHBIA UHTEPBAI) U OTPUIATEN b-
HBIM (IIPOCTPAHCTBEHHOIONOOHBIN). Takylo ke TEpPMHUHOJOTHIO HEPEIKO HMPUMEHSIOT BOOOIIE K
mo0oMy 4-BEKTOPY.

CobcTBEeHHOe Bpems

PaccmotpuM Tenepp JBMKEHHE HEKOTOPOro Tena. EcinM mpoMeXyToK BpEMEHU HEBEINVK,
JBAKEHHE MOKHO CUMTATh MHEPLMAIBHBIM. B cucteme orcyera, CBA3aHHOM C JAHHBIM TEJIOM, OHO
MOKOUTCS. Tak 4To MHTEpBAN MEXIY ABYMS OJM3KUMHU COOBITHUSMHU M3 KU3HU 3TOTO Teja — 3TO
TOJIBKO IIPOMEKYTOK BPEMEHU I10 4acaM, CBSI3aHHBIM C TEJIOM:

ds® = dx’dx, =c’dz>.
Bennuuny ¢ Ha3bIBaroT COOCTBEHHBIM BPEMEHEM TEJA.

Ho B n1060i apyroii cucreMe oTcuera HHTEpBal UMEET U BPEMEHHbIE, U IIPOCTPAHCTBEHHbBIE
KOMITOHEHTBI, TaK YTO:

c’dr? =ds” = dxXdx, + dx‘dx, + dx’dx, +dx’dx, = dx dx ,

1 . .
df?=—dxdx - MOKHO paccMaTpuBaTh Kak OCHOBHOE YPaBHEHHe PeISTHBHCTCKOIA
Cc

KHHEMATHKH, 10 CYIIECTBY 3TO IEHTPAIBHOE YPaBHEHHE, BRIPAYKAIOIIEE BCE COICPIKAHIE TCOPHH.

ds 1.
W3 df =— Bpoze Obl cnenyer, uto [ == flS, HO 3TO BBIpaXkeHHE OECIIOJE3HO: KaK MbI
c c

ormevanu, dS He ecTh MOJHBINA qudGepeHIma, 1 HHTErpai OyIeT 3aBUCETh OT MYyTH HHTETPHPO-
BaHUS (MUPOBOM JIMHUM).

Oxnaxo y Hac ects dopmyrna dS=cdtvl- v?/c¢® (2.3), mosToMy MOKHO IPOMHTETPHPO-
BaTb 110 BpCMCHU:
t

t =fy1- v¥/ctdt

4
— CO6CTBeHHoe BpeMs TCJIa, IIpU YCIOBUH, YTO B HeKOTOpOﬁ HHepHHaJIBHOﬁ CUCTECMEC OTCUC-

Ta MPOTEK MPOMEXYTOK BpemeHH t, - ;. Kak BuiHO, ecnu |V| >0, 1o Beerna  <t, - t,.

MNpeobpa3zoBaHua koopanHaT

KommoneHnTs! 4-BekTopa MpH Mepexoje K Apyroi (IBUKYIIEHCS CO CKOPOCTBHIO V) CUCTEME
KOOpJIUHAT 00s13aHbl U3MEHSATHCS TaKUM 00pa3oM, 4TOOBI KBaJpaT BEKTOpa (KBaapaT WHTEpBala)
OCTaBaJICsl HEM3MEHHBIM:

12 12

ct?- x?-y?-z? =ct*- xX*- y?

- 22,
Jlerko npoBepuTh (IPOCTO MOACTAHOBKOI), YTO ITOMY YCIOBHIO YIAOBIETBOPSIOT IpeoOpa-
30BaHUA:
X- vt . o t-vx/c?
XI:—, y':y, Z:Z,t:ﬁ. (24)
1- V?/c? 1- v?/c
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Onu HaspBaOTCSIN pe o b6 pas3oBaHMAMM JlopeHLUa

BuuMaHue: Bcerja MoO:KHO MOBEPHYTh OCH KOOPAMHAT TaKHM 00pa3oM, 4TO OTHOCH-
TeJIbHAsl CKOPOCThb CHCTEM KOOPAMHAT OyJ1eT HanmpaBJieHAa BI0Jb 0cH M!

B touHOCTH 1O 3THM 3Ke (popmysiaM npeodOpa3yrOTCsi KOMIOHEHTHI BooOIe JII000ro 4-
BexkTopa CTO X (IpuMepbl HX MBI PaccCMOTpHM jajiee). [0BOPAT, YTO Takhe BEKTOPHI /1 O P € H L
MHB ap n .dlelbke dlyaerom Toro, uto X° = Ct, GOPMYIIBI 3aNMUCHIBAIOT B OOLIEM BHJIE TaK:

Vv Vv
xt- = x° X0 - =xt
1 C 2 2 3 _ 3 10 C
Xtz 6 x?2=y? x8=x% x=z—C | (2.5)
V1- V?/c? N1- V?/c?
3aMeTI/IM, YTO B3aNUMHasA CKOpOCTB CUCTEM OTCUeTa V BCEeraa MCHBIIIC C.

BooO1iie Bce BeNMYMHBI, KOTOPbIE MOYKHO IMPEACTAaBUTh B 4-MEPHOM BHJE, SBISIOTCS JIO-
pEHI-MHBapUaHTHBIMU 0€3 KaKoH-1100 JTOMOJHUTEIbHON MPOBEpKU. A (u3nuecKre 3aKOHbI, 3amu-
caHHble B 4-MepHOIl opme, /1 O P K W 1B & P U ,a&rMHETTH, BHIMISIIAT OJUHAKOBO B JIFOOOH MHEP-
UAJILHOU CUCTEME OTCUETA.

3agaua 1. C 3eMau BIOTOHKY MEX3BE3THOMY KOPaOIII0, yIAISIOMIEMYCsl CO CKOPOCTBIO V,
W3IYYUIIM PaAMOCUTHAN JIUTENbHOCThIO T . Kakol mmmTensHOCTH T' OKaKETCS CUTHAJ, NPUHS-
THIN Ha KOpabie?

UtoObI OBUIO MpOIIE, IPUMEM, YTO MEPEIHUI (GPOHT CUTHANA MU3IYUHJICS IPSIMO B MOMEHT cTapTa
KOpalJist — 1 3TO coObITHE OymeT obmuM HavaaoM koopauHat: MCO 3emnu u MCO kopabas. Kak pa3 to, uro
TIOIXOUT JyTsl TpeoOpa3zoBanuil JlopeHria.

3agady pemmM B 1Ba JEUCTBUS, U criepBa onpenennM B MCO 3eMiu KoOpIMHATHI COOBITHS TIpHEMa
kopabiem konmna currana (t, X) . 3a Hem3BeCTHOE MOKa 4TO BpeMs t KopaOib MPOABUHETCS B TOUYKY X = Vt.

3aauuii pPOHT CUTHAJIA CTAPTOBAJ B MOMEHT T, m 3a Bpems t- T nomken nHarmaTh KOpalib, TO €CTh CO CBO-
el CKOPOCTBIO C MPEOI0IETh TO YK€ caMoe paccTosiHre X = Vi:

c(t- T) =wvt,
-1
1-vic

Takum o6pazom, B UCO 3emun:

KOOPIMHATHI COOBITHS mprema tiepenrero ¢pponta curaaia (0, 0) ;

KOOPIMHATHI COOBITUS TIpUeMa 3aHero Gpponta curaana (X, t) = g VT Lg
’ g:f- vic'1-vic=
JUIMTensHOCTD MMITYJIbCA Ha 3BE3/I0JIETE C TOYKH 3pEHHs 3eMJIN paBHa ﬁ OOBruHEIH 3P deKT
-V/C
Hormutepa!

Orta yacTpb 3a1auu — mKonbHas. Teneps nepeiinem B UCO 3Be3nonera. B Hell KoOpAWHATHI COOBITHS
nprema nepezrero ¢ponra curnana te ke (0, 0), a coObiTre npruemMa KOHIIA CUTHANIA HAJIO IEPECUUTATh 110
Jlopenny:

T v T
t'= t-VX/C2 :1_ V/C-?l- v/c :T'\ll' VZ/C2 -T 1+v/c
N N 1-vic Vi-vic’

1
BOT MCKOMast JUIMTENBHOCTh | TIPMHATOrO CHTHANA MO GOPTOBBIM Yacam. OHHM HIYT MEIEHHEE, 1
YKa3aHHBIA OTPE30K BpeMeHHU OyAeT o HUM Kopode. Moriu Obl MpOCTO IPUMEHUTh XPECTOMATHIHHYIO (op-
MYyJy «3aMeIJIeHUs] BpeMEeHI» !

B urore nonydena ¢opmyia pensITUBUCTCKOro npoaosibHoro s¢dexra Jormnepa, TOIbKO HE I ya-
CTOTBI, a o0paTHas el — I eproa.
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3agaya 2. BunT anuHOM L ¢ KomM4ecTBOM BUTKOB Pe3bObI N BPAIIAETCSI CO CKOPOCTHIO ()
000poTOB B cekyHy. C Kakoi CKOPOCTBIO BHHT JIOJDKEH JIBUTATHCS BJIOJIb CBOCH OCH, YTOOBI CITH-
paJib HAPC3KU IMMPEBPATUIIACH B MIPAMYIO JIMHUIO (I/IHBIMI/I CJIOBaMHU, LITO6I:I YHCJIO BUTKOB YMCHBIIHN-
JI0Ch 10 HyJs1)?

Jlyis onpeneieHHOCTH MyCTh BUHT BPAlllaeTCs B HAIIPABICHWU HAPE3KU — KaK Obl «BKPYYHBASCHY.
PaccMoTpuM BHHT, BpalatoIMiCs Ha MECTe, ¥ 3a(UKCUPYEM HEKOTOPOE MOJI0KEHIE TOUKH Hayaia CIUpaIu

— coOwiTue A. IlpuMem ero 3a Hayajao KOOPAUHAT (XA =0, t N 0). B nauusiit HYJIEBOM MOMEHT BPEMEHH —
KOHEII CITUPAJIN cJeall Kak Obl N <«JIUIIHUX» BUTKOB: OH ObUI B COCTOSIHUH, aHAJOTMYHOM Havajay CIUpaIH
(cobsiTre B), N 0bopoTos Hazax. KoopanHaTe! 3T0ro coobiThs B: (XB =L, t;=- n/ M

Ecnu cobpitus A u B caenaroTcst oqHOBpEMEHHBIMHE, CIIUPAJIb PACTSIHETCS B IPSIMYIO JIMHUIO. Takoro

MOKHO JIOCTH4Yb, CMCHUB CUCTeMy oTcueTa. KoopauHatel A HE U3MEHSTCS (Xl A= ot A= 0), a s B npu-
MEHHUM npeodpazoBanue Jlopenma:

v v

Hac unTepecyer ckopocTh V, Opu KOTOpOH t'B =t' A= 0. IMousaTHO, YTO CKOPOCTH JOMKHA HUMEThH

- VX, /c® _ - n/W- vL/c?
B .

3HaK «MHHYC»: JKelaeMblil 3 dekT JocTuraercs mpu onpeaeIeHHOM COOTHOIICHHH HATIPABJICHUS BPAIICHHS
" HarpaBieHus aprwkeHns. CoOCTBEHHO roBOpS, 3a7ada pelicHa.

YeTbipeXxCKOPOCTb

[lepeiins k 4eTbIpeXMEPHBIM (POPMYIUPOBKAM, Mbl OTKA3aJIUCh pacCMaTpUBaTh YHUCTO MPO-

CTpPaHCTBEHHOE TepemMernieHue. Torma u 00bIYHasi CKOPOCTh HAC TOXKe He ycTpauBaet! B camom fme-

dr &dx dy dzg . . .

ae, B V=— g —,——,—(0 BpeMs y:Ke He SIBJIsIeTCSI HHBAPHAHTHOI MepeMeHHOM, 0/IMHAKOBOI
dt cdt dt dt+

B JIFOOOH cucTteMe KoopAuHAT. Termepb BpeMs 3TO MPOCTO OJHA M3 KOOPAWHAT 4-BEKTOpa IepeMe-
menus. To ecTs HE cKasp!

YToOBI MONMY4YHTh 4-BEKTOPHYIO BEIMUMHY, aHAJIOTUIHYIO CKOPOCTH, cienyet auddepeHiiu-
poBaTh MO HEKOTOPOH APYro MepeMeHHON, MHBAPUAHTHOW B 4-TIPOCTPAHCTBE — CKaJsipy. Takoit
BEJTUYMHOM SIBJISICTCSI UHTEPBAL

U3 yka3zaHHBIX cOOOpayKeHUH BEKTOP 4-CKOPOCTH ONPEACISIOT TaK:
;_dx
u=—-m-.

ds
U3 cootHomenus (2.2a) ds” = dx’dx, + dx'dx + dx’dx, + dx’dx, BeiBoguM (mozenus Ha ds’

(2.6)

Ed_)%+%d_xl+ﬁd_xz+ﬁd_x3 =1
ds ds dsds ds ds ds ds
VYuursiBas (2.6), umeem:
uu, +u'y, +uu, + Uiy, =1
To ectp mnmuHa BekTOpa 4-CKOpocTH Bcerja paBHa eaumnunie. CtpanHo? HuuyTth, Tak u
JIOJDKHO OBITh, [UTMHA JIF000TO 4-BEKTOpA 3TO CKAJISP, HHBAPHAHT.

4'CKOpOCTL — BCJIMYHHA 6e3pa3MepHa;I, BC€Ib HHTCPBAI HMECT PASMEPHOCTH IIPOCTpPAH-
CTBCHHOT'O PACCTOSAHUA.

Mo>xHO BbIPA3UTH KOMIIOHCHTBI 4'CKOpOCTI/I YCpe3 NPUBBIYHBIC TPEXMCPHBIC BEJIMYNHLI:
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o _ d(ct) _ 1

ds  J1- v?/c?
POCTb HEKOTOPOIr0 OOBEKTA, BEIb Mbl PACCMATPHBAEM NMPOCTPAHCTBEHHBIM M BPEMEHHOM MPOMe-
JKYTKH, XapaKTEPU3YIOIIUE JBHKECHUE 3a]aHHON TOUKH.

u — TYT IpOCTO Hcnojb3oBano (2.3). Temneppb V yxke peajbHas CKO-

CTomb e JIETKO MOoJIydaeM:
1_ Vi U2 = Vy U = v,
cV1- V2/c? cV1- V2 /c? cV1- V2 /c?

TpI/I IMPOCTPAHCTBCHHBIC KOMITIOHCHTLI MOKHO O6”I)CI[I/IHI/ITI) B TpGXMepHBIﬁ BCKTOp:

u

2

ui:(uo,u):% ! , v :

EV1- V2/c? c1- v2/c? -

OTMETUM, YTO, TPEXMEPHOU CKOpPOCTH V2 C HE COOTBETCTBYET HHMKaKas 4-CKOPOCTb. JTO
XapaKTCpUCTUKA IBMIKCHHA TOJBKO BCIICCTBCHHBIX Ten!
i

I/IHOFHa 4'CKOp0CTI)IO CUNTAIOT BCIIMYUHY CE — B 9TOM CJIyda€ OHa IOJy4acT IMMPHUBbLIY-

(2.6a)

1-ODO

HYIO pa3MEepHOCTb, @ MOAYJIb BEKTOpa Bcerja paBeH C. UTo JaeT BO3MOXKHOCTD HarJsiJHOW TPaKTOB-
KH: J1000€ Teno (MaTepuaibHas TOYKA) JBMKETCS B MPOCTPAHCTBE-BPEMEHHU CO CKOPOCTHIO, MO ab-
COJIFOTHOM BeNIMYMHE paBHOW C, a KOMIIOHEHThl OOBIYHOW CKOPOCTH 3TO IMPOCTO TPEXMEpPHBIE
MPOEKIUH, KTEHU» BEKTOpa 4-CKOPOCTH.

Mpeo6pa3zoBaHns CKOPOCTH

KomnoneHTsl BekTOpa 4-cKopocTd U oObekTa (Kak U J1000ro 4-BeKTOpa) MpH MEPEXoae K
JIPYroM CHCTEME OTCUETa, IBIKYIIEHCS CO CKOPOCThIO V, mpeobpasytores mo (2.5):

V V
ut- —u° uw- —ut
il C ulO_ C

u = ) =
2 2 2 2
v1-V</c v1-V</c
3mech B3auMHasi CKOPOCTh CHUCTEM OTcueTa 0003HaueHa V, 4ToObl HE MyTaTh CO CKOPOCTHIO
o0BeKTa V, KOTOPOil Mbl 3aHUMaEMCSl.
Octanock nepeiT oT 4-cKOpocTH U' ¢ OOBIYHOM «TPEeXMEPHOI» CKOPOCTH V'. 311e€Ch MOXKHO
MOTOHYTH B BBIKJIQJIKaX, a JAJIs YIPOILIEHHUS 3aMETUM, 4To U3 (2.6a) 3Ty CKOPOCTh MOKHO BBIPa3HUTh
CJIEYIOIIUM 00pa3oMm:

v=c
u

Orcrona, K IpuMepy, KOMIIOHEHTa CKOPOCTH BIIOJIb OCH X paBHa:
V,l_cu'l _Cul- vl/c . V-V
u®  u’-wvut/c 1-vW/c?

Co6cTBeHHO, (OPMYJIBI 3HAKOMBI TI0 JIUTEPATYPE.

Ho dopmysbl mpeoOpa3oBaHust CKOPOCTEH MOXHO BBIBECTH, He Npuberas K 4-CKOPOCTH —
4TO JIaKe W mpasuiabHee. [IoToMy 4TO Torma OyeT sICHO, YTO OHM CIIPABEIUBEI IS JIFOOBIX BEJIH-
YHH CKOPOCTH, B TOM YHCIIE M OOJBIIMX, 9eM C (XOTs 4-CKOPOCTH B TaKOM CIIy4ae OKa3bIBAIOTCS
MHHUMBIMH).

W13 monydeHHo# HaMu GOPMYJIBI JIETKO YBHIETH: €CIIH CKOPOCTh MEHBIIE C, TO OHA OCTaHET-
Csl MEHBIIIE U B JIF000# apyroii cucteMe otcyera. To ke — eciiu CKOpoCTh 0oJIbIIIE C.
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Bot kypbe3Has (4 B TO K€ BpeMsl COBEpIICHHO cephbe3Has!) 3amauka Ha Temy. CBeTOBOM
3alYMK JABHXKETCA BIOJIb ocu X co ckopocThio 100@. C kakoil CKOpPOCTBHIO JOJDKEH JBUTaThCA
BJIOJIb TOH e MPsIMON HaOMII0IaTeNb, YTOOBI «IIEPErHATh) 3aiYHMK, OCTABUB €r0 3a CIIMHON?

4-BeKTOp 3Heprum-umMmnynbca

W3BecTHOE M3 IIKOJIBI BBIpaXCHHE JUIS MMITyJbca Tena: P =NV (M — macca) sABiseTCs

TPEXMEPHBIM, H, CIIEJIOBATEIILHO, HCMBAPUAHTHBIM: a0COJIFOTHASI BEJTMYMHA UMITYJIbCa P IIEPEX0-
JIe K JBIDKYIIEHCS CUCTEME KOOPAMHAT HE cOXpaHseTcs. YToObl MOTyYnuTh YETHIPEXMEPHYIO KOH-
CTPYKLMIO, HA MECTO CKOPOCTH cTaBUM 4-ckopocTth. Hy a ¢ Maccoil Bce B MOpsIIKE: 3TO CKaJsp.

Bripouem, BO3MOKHO, BBl UMTAIIM, YTO Macca JBIXKYIIETOCS Tela Bo3pacraer? DTo apXaud-
HBIH B3IJIs]], 0 KOTOPOM TOpa 3a0bITh. ..

4-cxopocTh Oe3pa3mMepHa, OITOMY JJisl MPEEMCTBEHHOCTH JIOMHOXAOT Ha C. B urore ms
HAMITYJIECA UMEEM:

p' =mcu.
Taxk kax U'u, =1, To:
P p =mic?.

CoOCTBEHHO TOBOpS, 5TO OCHOBHOE yYpaBHEHHE PEeISITHBHCTCKON TuHAMHKHU. OCTaioch
pa3o0parkesi, YTO OHO O3HAYAELT.

HO)ICTaBI/IB KOMIIOHCHTHI 4-CKOpOCTI/I, JIETKO pacruCblBa€M KOMIIOHCHTEI 4-I/IMHy.TII)CEl:

Some My el MY s my,
N1-Vv2/c? VJ1- V?/¢c? VJ1- V?/c? V1- V2 /c?
Hy u, kak Bcerja, mpocTpaHCTBEHHBIC KOMIIOHEHTHI MOKHO OOBEIMHUTE TEMEPh MO STHI0H
TPEXMEPHOTO BEKTOPA:

0 1 2 3

QOO

- a mc mv
p'=(p’p)= : - (2.7)
?\/1- V2/c? V1- V2?3
[Tpu MaIbIX CKOPOCTSIX UMEEM IPUBBIYHYIO (POPMYITY:

_ nmv o

NI

Mp1 6€3 TpyAa MoJyYuiI JIBE BEITH:

rw .
NI
2) 4-BeKTOP UMITYJIbCA, UMEIOIIHI €Ile ¥ HEKOTOPYIO 3ara04HyI0 BPEMEHHYIO KOMITIOHEHTY
p°. 3aiimemcs ero.

1) pensaTUBUCTCKYIO POPMYIY ISl TPEXMEPHOTO UMITyJIbCa: P =

HpI/I MAJIbIX CKOPOCTAX JJaHHAs COCTABJIAIOIIAA paBHA:

o

mc a v ao my 14 mv @
————° M@+ _g=mc+—_—="gnc +——§.
V1- Vv?/c? AR I 2 2
B CKO6KaX OokKazajacbnn O 1 Ha4d E), HOeTmm_[aﬂ mm ,Z[BYX cJIaracMbIX:

1) sHeprus nokos, papHas Mc ;
. m
2) KMHEeTUYeCKast SHePrust (JUTsl MaJbIX CKOPOCTEH paBHas N ).

Tenepp OxOHYATENbHO sICEH (U3UUYECKUN CMBICT KOMIIOHEHT 4-BEKTOpa HMITyJbca. ITO
noJiHast 3Heprus A (C TOYHOCTBIO 10 KO (HUIIMEHTa) U TP KOMIIOHEHTBI IMITYJIbCA:
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p'(E/c,p).
Orcrona HazBanue: 4-B e K TOpP -ABMBYINH@Aa

HanoMmHro, uTo KBajpaT ero paseH M°c>. To ecTh:

E = m’c? (2.8)
= p° = . .

[Monyunnu (yHIaMEHTAIBHOE YPAaBHCHHE PEISTHBUCTCKOW JUHAMUKH, BBIPAKCHHOE YKE
4yepe3 NMPHUBBIYHBIC BEIMYUHBI. B TOM, uTO MHOTHEe (DyHIaMEHTAIbHBIC YPABHCHHSI SIBIISIOTCS T10-
npocty TeopeMmoit [ludaropa B mceBIOEBKIUIOBOM MPOCTPAHCTBE, HAM MPHUICTCS YOSXKIATbCS U
nanee!

MuMOX0I0M 3aMeTHM, 4TO ypaBHenue (2.8) comepkarensuee, uem P =mcu, oT KOToporo

OTTaNKMBAIUCH. Kak MbI 3HaeM, JUIs IBUKEHHS CO CKOPOCThIO V2 C He cymiecTByeT 4-ckopoctu. B
TO BpeMsl Kak (2.8) IefiCTBUTENBHO U JUISl CBETA, U (CTPAIHO cKa3aTh!) /Ui YacTUIl, KOTOPbIE MOTJIU
Obl UMETh CKOPOCTh, OOJIBIIYIO, YeM C.

Cormocragisisi 1Ba wieHa B (2.7):
E_ mc _ mv
c J1-viic P Ji-v2ie?
MOJIy4aeM U BTOPYIO BOXKHYIO POPMYITy:
= p_(:2 (2.8a)
v

[Toxose, uTO 4-BEKTOp SHEPrUU-UMITYJIhCa BCETJa BPEMEHHIIOI00CH, BEIbh IMpaBas 4acTh
(2.8) monoxxurenbHa. CyliecTBYIOT 0cOObI€ ClTyuau, KOTIa 3TO HE TaK, HO MbI Y3HA€M O HUX IMO3XKe.

3agauya 1. Beiectu hopmyiny 1aBJIeHUS CBETa Ha HEMOABHIKHOE TEJIO.

U3 (2.8a) caenyer, uro st uMirynbca cBeta P = — . JlOmMyCTHM, UMITYyJIbC IETHKOM OTAAETCS I0-
Cc

riomaroremy tery. duddepeHnupys Mo BpeMeHH, ToTydacM:
f = —, rne W— moromaemas TeloM MOIIHOCTb.
Cc

CBeT MOXeT MajaTh Ha 3epKalo U OTPAXKATHCS Haszall, 3epKalio MPHOOpETaeT Torjaa JBOWHON HM-
nyibe. JIist Takoro ciydvast:

332[3"13 2. I[OKaSaTL, YTO CBCT, BJICTas1 B HACATIBHO npo3paqH1,1171 MacCCHuB CTCKJIa, OTHACT CMY
9aCTb UMITYJIbCA.

3Heprm| NnoKoA U KUHeTn4deckKas aHepruia

mc

KaK MbI OTMCTHIIM, IIOJIHAA BHGpFI/IH BCIICCTBCHHOI'O TCJIa E = ﬁ COCTOUT U3 ):[Byx
V1-vi/c
cJIaracMbIX:
1) KHHCTHUYCCKAas 3HepFI/I}I, CBs3aHHAs C IBUXXCHHUEM TCJIAa KaK I_ICJ'IOFO;

2) OHEPTUA ITOKOA rT'IC,2 , BKIIFOHaromas .]'IIO6y}0 BHYTPCHHIOIKO DOHEPIUIO, U CBA3aHHAA C BHYT-
PCHHUM JABUKCHUCM.

Ctporo roBopsi, 3 H € P T U AB3sAcB Kbud HEeM3BEeCTHO OTKyna. OHa moHao0uiacs,
4T00BI 00pa30BaTh 4-BEKTOpP SHEPrHU-UMITYJIbCA — JJIsI CTPOMHOCTH KapTHHBL. BooOmie B ¢usnke

23




OHEpTrui 3ajaHa ¢ TOYHOCTBIO 1O KOHCTAHTBI, U BA’)KHO TOJIbBKO M3MCHCHHUC SHCPIHMU... Tem HE Me-
HEC, IIPUHATUC SHCPIHUU MMOKOA OKA3bIBACTCA JIOTHYHBIM — YTO MBI CIIC YBUIUM BIOCICACTBUU.

[TockosbKy SHEprus MOKOsl SKBUBAJIEHTHA MACCE, MOKHO YTBEP:KAaTh, YTO Macca Teja BO3-
pacraeT, CKaxem, Ipu ero HarpeBaHuu. (A BOT OT CKOPOCTH Macca HE 3aBHCHUT).

JIeiCTBUTENBHO, PACCMOTPHUM 3aMKHYTBIH 00BEM, B KOTOPOM XaOTHUYECKH JBHMXKYTCSI 4aCTH-

mc

bl MacCOi M co ckopocThio V. Vx obmmas sueprus pasua E =N T IJe N — KOJIM4ECTBO
v1-vi/c

4yacTUll. A UMILYyJIbC BCEM CHCTEMbI PaBEH HYJIO (MMIYJIbChbl YACTHI] B3AUMHO KOMIIEHCHUPYIOTCS).

3HauuT, yKa3aHHAst DHEPIUs ABIETCA 3 H € P I U eciicTemsd Mcd. Tcroa Macca CHCTEMBI:

m .
M = N——— — Gousbmie mpocToit cymmbl Mace gactury, Nm!

V1- V2P
[Tomyunnu mpupocT Macchl 3a CHET BHYTPEHHEH 3Hepruu (Hanpumep, HarpeBanus). 1 3aon-

HO WUTIOCTPAIMIO TOTO, YTO Macca He a[JUIMTHBHA (Be/lb Macca K101 YaCTUIIBI paBHa M).

Tenepp 0K M H € T @ ¥ & @ K OudBHIHO, YTO OHA PaBHA PA3HOCTH TIOJHOW SHEPTUU U
SHEPrUH MOKOS:

mc a 1 o)
E, =E- m& = -mczzmc"%-l
‘ 1- v?/c? cV1- v/ c? :

m
[Ipy V< < HeTpyaHO MOJYyYUTh 3HAKOMOE IO IIKOJIE T .
MBI NpUBBIKIM FTOBOPUTH, YTO SHEPTHS 3TO CKaJsipHas BenuuuHa. Ho, kak BUIUM, HU IOJ-

HasA, HU KHUHCTHYCCKasd SHEPIrusl CKaJIIpOM HE SABJIAIOTCA, TaK KaK HCUHBApHWAaHTHEI. A BOT OHEPrusia
IIOKOA — I[GﬁCTBPITGJ'II)HO, CKaJAp.

3aKOHbl COXpaHeHUs

N3 (2.8) cmexyer, 4TO HE3aBUCUMOCTh OT BPEMEHHU SHEPTHH U UMITYJIbCa 3aMKHYTOU CUCTe-
MbI (YTO TPUHSATO Ha3bIBaTh 3aKOHAMM COXPAaHEHUs) MPUBOJUT K 3aKOHY COXpaHEHHs BEKTOpa
SHEPrUu-UMITYJIbCa, a 3HAUUT, U Macchl. HO 371ech ecTh MOBOIHBIE KAMHH, KOTOPBIE MPOLIE pa3o-
Opatb Ha puMepe.

33&3'—13. Teno, JABMIKYIICECS CO CKOPOCTBIO V, HECYIIPYIO CTAJIKHUBACTCS C MOKOAMIMUMCS TE-
JIOM TaKoi ke Macchel. Haiitu CKOPOCTH W CIIMIIILIETOC TEJIA.

3amaga Bpone Obl MIKONBHAS, HAa 3aKOH COXPAHEHHS UMITyJibca. Tompko (opMmyna Uil MMITyIbca
npyras. 3arrchBaeM:

mv _ 2mw
V1-v2/c? A1- w?/c?
B pe3ynbraTe HECIOKHBIX BBIKJIAJOK MOTYYaeTCsl:
\Y

2/1- (V) /(4c®)

[Toznpasinsto: OTBET HEBEPHBII!

W=

B uem ommbka?

«lIkonbpHOE» pelIeHne UCXOJUT U3 OOBIYHON MPEANOCHUIKH: MPH HEYIPYroM yAape 3aKOH
COXpaHEHHs MEXaHUYECKON PHEpPruu He JeHCTBYeT (4acTh PHEPrUU NEpeXOoAUT B TEIUIO), 3HAUMT,
3a0bIBaEM MPO SHEPIHIO.

B peHHTHBHCTCKOﬁ TCOPHUU SHECPIrUd HC PaA3ACIACTCA Ha MCXAaHHYCCKYHO U KaKYHO-TO ApPYy-
FYIO' K MMpUMEpPY, CTOAYAA BOJIHA B PE30HATOPC — 3TO SJICKTPOMAIrHETH3M, HO OHA NOAYUHACTCS 3a-
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KOHaM MEXaHUKH, NTOCKOJIbKY uMeeT Maccy. CTO yuuThIBaeT u BelecTBo, U noJie. Tak 4ro coxpa-
HEHUE YHEPIUHU 3/1€Ch BBINOJIHAETCS BCETJa, U3 3TOTO U CIIEYET UCXOAUTD.

Bot npaBuiibHOE perieHne. JHeprHst T 10 CTOJIKHOBCHUS:
mc
9
V1- v?/c?

DHeprus CIUIMILErocs Tejia ’T0 CyMMa SHEPIruil, TaK KaK SHEPIUsl aJJTUTUBHA!

nepsoro E = sroporo E, =mc.

Ol

1
E= ¢
e T

Hy a HauanpHBI UMITYIIEC CHCTEMBI U3BECTEH:
_omv
V1- V22
Tenepb HaX0UM HCKOMYIO CKOPOCTb, UCTIONB3YS (hopmyiy (2.8a):

_pc
W b
2

TO €CTh, W = ? . JIerxo MoJIy4JacTCH:

Vv
1++41- V2 /c2

A 4TO BCe-Taku HEBEPHOTO OBLJIO B Hamield HauBHOU (opmyne? Macca cUCTeMBI O CTOJIK-
HOBEHHS Ta K€, YTO U MOCIe — «3aKOH COXpaHEeHUs Macchl». Ho neno-Tto B TOM, 4TO 3Ta Macca He
paBHa 2mM, Beab Macca He ajyutuBHA! Takoe mposBIsieTCs BCeTAa, KOTIa Tella CHCTEMBbI IBHXKYTCS
C Pa3HOM CKOPOCTHIO.

W=

4-cuna

d
Ee MOKHO BBECTH MO aHAJIOTHH C TPEXMEPHBIM ciydaem f = d_Ft) Ho nns 4-Bextopa npu-

HHMaEM YyxKe.

f'= 4s Kak u panee, ucnomnb3ys (2.3), JIeTKO MOJydaeTcs .
S

o

. adE .. 1 Q
f':%o 2.9)
cat c2y1- v?/c? c\/l v2/c? 8

31ech, Kak Beeraa, f 9To 0ObIUHbI TPEeXMEPHBIN BEKTOP CHJIbI.

de _. _ . .
KCTaTI/I, a =fv =W »s10 MOIIHOCTB, BOT BaM U (1)1/131/1%01(1/11/1 CMBICJI HYJICBOU KOMIIOHCHTBI

4-cyer!
dp’

Teneps noacTaBum B f' = onpezenenue 4-ummnynbca: P =med. Homydum:

f=mcdd (2.10)
ds
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y dv u
Ilepen namu anamor 3Hakomoi Qopmynsl: f =ma= ma. [TponsBoanas W:d— aT0 4-
S

Y C K O P A& MHOK®TENDb C NOSBISAETCS B CBA3U C YPaBHUBAHUEM PA3MEPHOCTEN.

Eme pa3 yBujenu, kak 3HaKOMbIE€ TPEXMEPHBIE BEKTOPHI MIPEBPALLAIOTCS B 4-BEKTOPHI. A B
KaueCTBE HYJEBON KOMIIOHEHTHI ITOCIEAHETO BBICTYIIAET HEKOTOPBIN «cKalsipy». B kaBbIukax, noTo-
MY 4YTO B 4-IIPOCTPAHCTBE OH CKaJISPOM HE SIBJIIETCS.

3agaua 1. Ha kocmMudeckoli cranuuu B Bujie Oy0nuka paauycom R cosmaercs uckyccTBeH-
Has TPaBUTAIMA IIyTeM BPALICHHS C JIMHEHHON CKOpOCThIO V (pernsituBucTCcKOi). Kakoit Bec Oyner
OIyIIaTh KOCMOHABT Maccoi M?

«['paBuTaIUA» B CTAHLIUU CO3/IAETCSI €¢ YCKOPEHHBIM JIBH)KEHHEM (TO €CTh, BpallleHHueM ). Bennunna
v .
LEHTPOCTPEMHUTEIILHOI'O YCKOPEHUST A = ? B nepenstusucrckoii mexanuke F =ma, no B CTO, kak Mbl

3HaeM, 9TO He Tak. KoHeYHO, MOXKHO MPHUMEHHTh (QOpPMYINy SHHINTEHHOBCKOW «IIOTIEPEYHON MacChl», TO
ma

V1- v?/c?

st JIi1st KocMOHaBTa cuiia Oy/IeT UHOM, Hy)KHO ITPeo0pa3oBaTh €€ B COMYTCTBYIOIIYIO CHCTEMY OTCUETa.

ecTh, 3amucath: F = , IOy4HUTCsI cuia B «raboparopuoit» MUCO, miis cTopoHHEro HadmoaTe-

dusnueckas MpUYNHA Pa3HUIIBI B TOM, 4TO BpeMs Ha 00oJie uieT MeuieHHee. Crita, mpou3BOAIIAs
¢ukcupoBaHHbIl 3 dekT 3a MeHbIIee Bpemsl, Jenaercs Ooinblne. BeposTtHo, B 3HAMeHaTele JJOIDKEH qo0a-
BUTKCSI €Ille OIMH KOPEHb? MBI IPOBEPUM 3TO.

[Ipobnema: cucrema oTcUeTa CTaHIMK HEHMHepUuanbHa. Ho Tak kKak MMeeM JIel0 ¢ MCHOBEHHBIMH
BEIMYMHAMH (CKOPOCTh, YCKOPEHUE, CHIa), MOXKHO MPUMEHUTHh M3BECTHBIM MPHEM: PACCMOTPETh 3a/1a4y B
MTHOBEHHO-COITYTCTBYIOMIeH (B BoIOpanHbIi MmomeHT) MCO: MCHCO.

B sr1oit cucreme mkonbHas Gopmyna F =ma sepna (kocmonasT nokoutes). M 3amaua cBOAMTCS K
peoOpa30BaHUIO BEKTOPA YCKOPEHHUS.
_ i
3anuineM KOMIOHEHTH 4-yckoperns W = E Benomaum Gopmyiisl 4-CKOPOCTH:

0 _ d(ct) - 1 ut = Vy u’ = Vy w = Vv,
ds  1-v?/c? cVl- V2/c? cV1- v3/c? cVl- V2 /c?

CobcTBEeHHO, HAC WHTEpPECYeT NMpeoOdpa3oBaHNE TONHKO MOMEPEYHON KOMIIOHEHTHI YCKOpEeHHs (Iep-

u

MIEHIUKYIAPHOW OTHOCHTENBHON CKOPOCTH CHUCTEM OTcueTra V), TO eCTb, W?. OCTOPOIKHO: BOIKA — BOBCE
He KBajapar!

W = du® _ dv,
ds  cyJ1- v?/cds
a yaursisas, uro dS= cdtvl- v*/C* | nomyuaem:
1 g
dt c*(1- v®/c?) c*(1- v¥/c?)

— 2
Kak M3BECTHO, «HIPEKOBbIC» KOMIIOHEHTBI 4-BEKTOPOB He mpeodpasyroTes, Tak uto W =W?2. Ho
MBI-TO JJOJDKHBI U3 4-yCKOpEHUs BbIpa3uTh 00braHOE yeckopeHue. B MCHUCO ckopocTh HyneBas, ¥ TOT/ia:

ma  _ mv
(1- v?/c®) (1- v*Ic®)R?

Otser: F = . TakxuM oH M oKHIANICS.
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3anaua 2. Jlokaxkute, 4TO «YeThpexMepHas pabota» dA= f'dx ToxkmecTBeHHO paBHa Hy-
10 (3TO MOYXKHO C/IeNaTh IO MEHBIIEH Mepe ABYMsI CIIOCOOAMM).

27



3. AHTUCUMMETPUYHDbIE TEH30pPbI

M3 npepgbigywer o pas3gesa MOXHO ONpPpoOMEeTw®UBC
ckasd Be/NUWYUHa, TpaguWUMWOHHO 130 6p amgaocecMrapsa HE €
«KNMPOCTPHHHYHW>™ e vRE€K b0 pda . A ponb BpPpeMeHHON KO
«cKangapHaa» BeNWYUNHa.

Ho 9 T0 e T1ac a 9!

Hanpumep, ecTb KOHCTPYKLUMUM, OUYEeHb NOEOX
UTMW He3aMeTHON B TPEXMEPHOM NpocCTpaHCTBE.

TeM ©n XOoOpowWNoRHBDPHWTWO C NerkKocTbi BbSAB
NOAOOBHBLX O0OOBEKTOB.

AnbTepHauus

Han ABYMA BCKTOPAaMH MOXKHO, KaK U3BCCTHO, IIPOU3BECTHU 6I/IHapHI>I€ oncpanunun CKaJlsapHO-
o U TCH30PHOI'0 MEPCMHOKCHUA. CYHIGCTBYCT H COI€ OAHa oIcpanus, UMCIOIIass HEMAITYIO BaX-
HOCTb—a N1 b T EepPHauunms+

Peur naer 00 onepanum, KOTOpasi B ”HBAPUAHTHOM 3aIMCH BBITIISANT TaK:
7k = xiyk o xky
Pe3ynbpTaToM anbTepHAIMH SBISETCS TEH30p BTOPOro paHra (KOTOpbIH, KcTaTH, Ipu X =Y
paBeH HYJIIO).
Pa3BepHYTO OH BBITJISINT TaK:
exy - Xyt Xy’ - Xyt .. Xy'-xy'o
€2 1,2 202 y2\2 2.0 n U
S 2 @Y - XY YTy YT XY
e

[ comYd ey enig

eXnyl_ len Xny2_ XZyn Xnyn_ Xnyn

e 0 Xy - Xyt L Xy - X'y e
é 0 oon 2l
_ &y Xy’ 0 v XY XY 21
6 N (3.1)
éxnyl_ len Xnyz_ X2yn 0 g

iK .
TGHSOp Z' 06naﬂaeT MMpUMCYaTCIbHBIMU CBOUCTBAMMU:

1) cymMMa KOMIIOHEHT, CHMMETPUYHBIX OTHOCHTEILHO TJIABHOW JHAroHaId (TO €CTh, TaKuX,
12 21
YTO Y HUX [IEPECTABJIICHbI MECTAMU UHJICKCHI — HarpuMep, Z -+ Z°"), paBHa HYJIIO;

2) KOMIIOHEHTHI TJIaBHOW JUaroHaiu (€CTeCTBEHHO) PaBHbBI HYIIO;

n(n- 1

3) B N-MEPHOM IPOCTPAHCTBE TCH30p MMECT BCETO T HE3aBUCUMBIX HCHYJICBBIX KOM-

IIOHCHT — U3 O6H_[6FO qucia n2 .

HO,Z[O6HLI€ TCH30pBhI Ha3plBalOTCAI A HT M C MU MM E T, piv KoL GHMMAETPUIHBIMU. An-
TUCUMMCTPHUYHBIC TCH30PbI UT'PAIOT UCKITFOUYUTCIIbHYIO POJIb B (1)I/I3I/IK6!

Keratn, A* =x'y* u A =x"y' — Ten3opsl, npuueM MaTpHIbl X B3aHMHO TPAHCIIOHHPO-
BaHbI (CTPOKU M CTOJIOIIBI [IEPECTaBIIeHbl MecTaMK). Tak 4TO0 aHTHCHMMETPUYHBIN TEH30D 3TO pas-
HOCTb JIBYX TPaHCIIOHUPOBAHHBIX.
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AHTUCUMMETPUYHBINA TEH30p 2-TO paHIa, €CJIM OH HE TOXAECTBEHHO HYJIEBOM, HEBO3MOMXHO

OJIy4UTh IPOCTO B BHJIE POU3BEACHHS [IBYX BEKTOPOB. J[eHCTBUTENBHO, MOCKONIBKY ZM =0, mep-
Basi KOMIIOHEHTA XOTsI ObI OJTHOTO U3 MPEAIOJIaraeéMbIX COMHOXKUTENEH 10JKHa ObITh HyneBoi. Ho

TOrJa BCA CTPOKa WA CTOJI6€LI Zlk JAOJDKHBI HCJIMKOM 3aIllOJIHUTHCA HYJISIMH. .. HY U TaK JaJICC.

3agaua. Jloka3aTh, 4TO NMPOU3BOJIBHEI TEH30p 2-r0 panra A* MOXKHO HPEACTAaBHTH KaK
cymMmy cuMMeTpuuHoro S* u amtHcuMMerpuuHoro Z* Tem3opoB. CU MM e T P ieHssphyid
TaKoi, y koroporo S* =S¥,

1

ik _ ik
PaccmoTpum Takue Tensopbl: Z" == A* -

1
2

CoBepIIIEHHO OYEBHUJIHO, YTO MEPBbIM TEH30p AaHTHCUMMETPHYEH, @ BTOPOM cuMMeTprueH. OYeBu -
HO TaKxke, uto A¥ = Z¥ + Sk,

AW gk :lAik+EAki.
2 2

BekTtopHoe npousBegeHue. NlceBAOBEKTOPbI

s cnygast N =3 npeacraBuM TeH30p (3.1) ciaeayronum o0pa3om:

0 -z 2z
ik — yiy/k kyi —€ u
Z —xy-xy—éz3 0 z1u
&z z 04y

3mech MBI mpocTo obosHaummm:  Z =Xy - X°Y, z, =Xy - Xy, z, =Xyt - X'yl

HamnpaumuBaercst MbIcib, 4T0 Z(Z,, Z,, Z;) 9TO BEKTOD.

TpexmepHbIii aHTUCUMMETPUYHBIN TEH30P Z™* wmmeer Bcero TPHU HE3aBUCHUMBIX KOMIIOHEH-
Thl, U B KAKOM-TO CMBICJI€ SKBUBAJIEHTEH MPOCTO BEKTOPY. ByneM roBoputh, 4To BEKTOp Z 4 Y @ /1 € |
tensopy Z¥.

Bektop Z npouctekaer u3 AByX UCXOJAHBIX BEKTOPOB — X U y. M, HECOMHEHHO, BbI Y3HAJIU B
HEeMB e K T elpp®un 3 Eeag[ey.n

Ha camoMm niene MblI 1oKa HE yBEpEHBI, SIBJISETCS JU Z BekTropoM! Bropodem, npu moBopote
KOOPJIMHATHBIX OCEH OH MpeoOpasyeTcs Kak 0ObIYHbIN BeKTOp. W, 0HAKO. ..
3 3
x(x, X3, x%) u y(Y', ¥?, ¥°) — 3aBeqoMo HCTHHHBIC BEKTOpPBL VI3MEHMM HAIpaBlICHHE O/1-
HOTO U3 OPTOB CHCTEMbI KOOPAWHAT (HAalpHMeEp, MEPBOr0) Ha MPOTHBOIOJIOKHOE. SICHO, 94TO KOM-
noHeHTHl X' ¥ Y' M3MEHAT CBOif 3HaK (a OCTAJIbHbIE HET).

A BEKTOp Z U3MEHUT CBOM KOMIIOHEHTHI MO JIpyroi cxeme (nmpocinenute!) U3meHsTCS 3HaKu
y Z, u Z; (a Z, He u3MeHuTcs). [IpoTHBONOI0KHO OOBIYHOMY BEKTODY!

Ecnu sxe moMeHsTh HampaBiaeHus [l B YIOOBIX OPTOB, TO Pa3HUIIBI B MOBEACHUHM KOMIIOHEHT
He Oy/eT — MpoBepbHTE.

BHumaHue: oT/IMYHE Z OT HCTHHHOTO BEKTOPA NMPOSIBJIsIETCH TOIr1a, KOI1a HMeeT MeCTo
«3epKajibHOe 0TpaKeHue» 0a3uca, He CBOJUMOE K TOBOPOTAM.

I/ITaK, BCKTOD, SIBJISIIOIIUICS PE3YJIbTAaTOM BCKTOPHOT'O IMPOU3BEACHUS, HEC ABJISACTCA UCTUH-
HBIM BCKTOPOM. OH He HWHBAPUAHT B IIOJIHOM CMBICIIC. Oronceas 0 O BuAuKaTKoCpn a /1 K H bl v
TO .MCTI/IHHHC JK€ BCKTOPHI Ha3bIBarOT €me N 0 /1 4 P.H bIM U

TpeXMepHOMy AHTUCUMMCTPUYIHOMY TCH30pPY BCCTJa MOXKHO COIIOCTABUTH I[yaJ'IBHBIﬁ ceMYy
NICEBAOBEKTOD.
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MceBaoOTEH30PbLI

IIceBmoBekTop z =[Xy] y Hac BBICKOYWI, Kak HEKUi (okyc. SIcHO ke, yTo OuHapHas orme-

parus HaJx AByMsI BEKTOpaMU HE MOKET 00pa3oBaTh BEKTOP — MPOCTO IO cueTy nHaekcoB. OHa qact
6o ckamsap (cBepTka), 1ubo TeH30p 2-TO paHra (IEPEeMHOKCHHE).

BekTop MOr ObI OJIYYHTHCS KaK pe3yybTaT OTEPAIliK ¢ YIaCTHEM TE€H30pa 2-T0 paHra:
_ K
z =X,y (3.2)

Crpykrypy X, HECIOXXHO 0A00paTh, BOT OHA:
4
u

Xlu. (3.3)

Ot

B camoM gene, nomyuuM, ans npumepa, Z, noiab3yacs (3.2):

Z = X, Y + X, + Xy =0- X°y? + X°y® — KaK 1 JIOJKHO ObITh.

Wrak, BEKTOpHOE MPOU3BEACHNE BO3ZMOKHO MOJYyYUTh 00bIYHOM cBepTkoi. Tonbko Ha Me-
CTO TIEPBOTO COMHOXKHUTENS X HAIO IMOJICTaBUTh HEKOTOPHIH TeH30p X, , COCTABICHHBINH M3 KOM-

NOHEHT BekTopa X . HasoBeMm ero [l Y a N bpekEdpy X . KoHeuHO, BBl y3HAIM B HEM 3HAKOMYIO
CTPYKTYPY TPEXMEPHOU aHTUCUMMETPUU. TEeH30p, TyaabHbIH BEKTOPY, aHTHCUMMETPHYEH.

Brpouem, Tak kKaKk Z He SBISETCS UCTUHHBIM BEKTOPOM, MOXHO 3aIl0/I03pUTh, 9TO U X, HE
SIBJIIETCS UCTUHHBIM TEH30pOM. Tak OHO U €CTb.

ITpaBma, mpu MOBOpPOTE KOOPAMHATHBIX ocell X, TpeoOpasyercs Kak oObIYHBIN TeH30p. U,

OJIHAaKO, €CIIM TMOMEHATh HamlpaBlieHUE OJHOTO U3 KOOPAMHATHBIX OPTOB (MM TPEX), HEKOTOpbIE
KOMITOHEHTHI X, TOMEHSIOT 3HaK... HO IPOTUBOIIOJIOKHO TOMY, KaK 3TO MPOMCXOANUT Y HCTHHHOTO
TeH3opa!

Otnnume X, OT UCTUHHOTO TEH30pa MPOSBISIETCS TOT/A, KOTIa HIMEET MECTO «3EpKaJIbHOE
OTpakeHHEe» 6a3uca, He CBOAMMOE K moBopoTaM. [10100HBIN 0OBEKT Ha3bIiBaeTcaN C € B 4, O T € H 3

OO6b1YHOMY (MCTHHHOMY, MOJIIPHOMY) BEKTOPY BCET/Ia MOXHO COMOCTABUTH NyalbHBIA eMy
MICEBJIOTEH30P. A aKCHaJIbHOMY BEKTOpY (IICEBIOBEKTOPY) — CONOCTABUTH TyalbHBIH HCTUHHBIN
TeH3op. Hamomuum, 4To Bce 3TO CripaBeIMBO TOJBKO B TPEXMEPHOM IMPOCTPAHCTBE.

MceBaoTeH3op JleBu-HYuBuThl

Bce PaBHO IMOJYYa€TCA, UYTO ,I[yaJ'ILHLIﬁ TCH30p Xik Kak OBl nagacT C Heba... U TCOpHUA BCK-

TOPHOI'0 MPOU3BCACHUA HC UMCCT 110/ co0Ooii mouBkl. Pa3Be 4YTO BCIOMHHTL H3BECTHOE réoMCTpHU-
YCCKOC ONMPCACIICHUE C CUHYCOM YTIJIa, HO 9TOT CIHOKCT MbI IIOKA OTJIOXKHUM.

Ha camom gerne, popmanbHoe onpeesieHue cymectByer. JyanbHblit TeHzop X, ¢opmainb-
HO TIOJTy4aeTCs M3 «BEKTOPA-XO35AMHA» X TaKUM 00pasoM:
X =X .
Tenzop €, 3HaMEHHT, U UMeeT 0coboe Ha3BaHWe: C O B e PWEe HH O aHT WU Ui MM

HUUYHBIW ,IeMGOPHLO0 Tle BBvospy, sl C 1 M Bl@ /BYm B N. B ganHOM ciaydae
OH MMeeT 3-H paHr (a BooOIlle ero paHr COOTBETCTBYET YMCILy U3MEpeHUil mpocTpaHcTBa). M300pa-
3UTb TPEXMCPHYIO MaTpuly TCH30pa Ha 6yMare — ACJIO KPOIIOTIMBOC, 1a U HET 0c000ro cMeICia.
[TonpoOyem MpoCTO MOHATH €€ CBOMCTRA.
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Jlis €ero He mMoJieHWMMCs pacnucath Hamy ceeptky (3.2): z =X, y“=g,Xy* — m,
HanpuMmep, 1-i KOMIIOHEHTHI BEKTOPHOTO IPOM3BEICHUS:
—_ 2 3 2 2.,2 3,2 2 3
Z =6, XY +€,XY 6, XY +6, XY+, XY+ Y +6, XY +6,XY +6,Y.
Ho Bemb J0mKHO Tomyunthes: Z = XY° - X°y?. ClleloBaTebHO, U3 UMEIOMMXCA KOMIIO-
HEHT €, — HE PaBHbI HYJIIO TOJBKO €,5 U €,,. Ilpuuem: €,,=1a g,,=-1.

PaccmarprBas aHaJIOTMYHO OCTaJIbHBIE KOMIIOHEHTBHI BEKTOPHOI'O NPOW3BEACHMS, YCTaHO-
BUM T1apy MHTEPECHBIX (aKTOB.

1) ¥V Ten3opa €, HE paBHBI HYJIO TOJIBKO KOMIIOHEHTHI, /11 KOTOPBIX BCE MHJECKCHI Pa3HbBIC
(a Takux Bcero 3=6 u3 o6mero komdecTBa 3° = 27). DT KOMIOHEHTHI paBHbI 1 6o - 1.
2) CymMa IByX KOMIIOHEHT €, TaKUX, YTO y HUX IIE€PECTaBJIeHAa MECTAMM Iapa MHJEKCOB

(Hanpumep, € ,51 € ;,), paBHa Hymo. Kak MbI 3HaeM, 3T0 CBOMCTBO HasblBaeTci a H T U C U MUM-€ T

H O C T. B touHOM cityyae —a 6 C O /1 KMTIHHCOOVB € P LU(BI0KBIBKM YKa3aHHOE CIPABEINBO
JUIs TFOOBIX UHJEKCOB, a HE JUI KaKOW-TO OJHOMN Maphbl).

Tensop €, He MeHsETCS IPH NEPEXOAe K APYruM KoopamHaTaMm. Brpodem, 5T0 CBOMCTBO
10000 aHTUCUMMETPUYHOTO TEH30Pa C PAaHI'OM, COOTBETCTBYIOIIUM Pa3MEPHOCTH MPOCTPAHCTBA.

CnuHopbI

N3 TpexMepHOTO MPOCTPAHCTBA NTEPEMECTUMCS Ha BpEMs B IPOCTPAHCTBO JIBYX U3MEPEHHUM.
3nech nceBaoTeH30p JIeBU-UMBUTHI sIBAsSETCA MAaTpULEH 2X2 U BBITJISLAUT MIPOCTO:

e0 1g
qk = \'
&1 0
[IpoBepsbTe, 4TO BCE CBOMCTBA CUMBOJIA JIeBU-UMBUTHI HATUIIO.

Ho Torna TeH3o0p, AyajibHbIH AByMEPHOMY BEKTOPY X, OKaKeTcsl TOKE JBYMEPHBIM BEKTO-
POM, KOTOPBI 37IEMEHTAapHO 3aIucaTh:

X’ @
S g e.u-e u
&1l Og &g & Xy

BBIpa>KeHI/Ie HAIIOMHUHACT 4YTO-TO 3HAKOMOC... AX Ja, MeTpI/IquKI/Iﬁ TeHBOp, Hpeo6pa30Ba-
HUC KOHTpaBapI/IaHTHOFO BeKTOpa B KOBapHaHTHLIﬁ! ByﬂeM CUUTATh TeH30p Qk MeTpI/IquKI/IM TCH-

20 1g éx'o
Xi:Qka_e 0 & ,0=

> (D~ (D

30pOM MPOCTPaHCTBA U 00O03HAYMM, KaK MPUHATO, , . KoBapuaHTHBI BekTop X = g, X Gymer
Terepb KOBEKTOPOM, COOTBETCTBYIOIIUM X< .

Ho 310 oueHb cTpaHHOE MPOCTPAHCTBO. B HeM [ytiHA BekTOpa (C HEHYJIEBBIMH KOMIIOHCH-
tamu!) Bceraa paBHa HYJIHO:

xx, =x'x*- x*°x" =0.

BeKTOpLI, HMCIOIINEC HYIICBYIO UIMHY, HA3bIBAIOT nM30T p O 11 BH Hsivem HEOOBIYHOM
HPOCTPAHCTBE JIF000I BEKTOP H30TPOIICH (Kak Obl OPTOrOHAIEH caM cebe).

n BOO6H_[6 «CKAJISAPHOC MMPOU3BCACHUCH

k — vl\,2 2

Xy, =Xy -yt

CKaJISIpHoe IMPOU3BCACHUC BOBCC HEC 00s13aH0 PaBHATHCA HYIIHO, XOTA JJIUMHBI BEKTOPOB U HY-
nesrle. Kaxercs C€CTCCTBCHHBIM, UTO BCC «HYJICBBIC BCKTOPLD)» pPABHbBI MCKIY co00ll U HE UMEIOT

HaIlpaBJICHUAL. . . B namewm xe CJIydac U30TPOIIHBIC BCKTOPBI MOT'YT OBITh pa3HbIMH, HCCMOTPA Ha
HYJICBYIO AJIUHY. 3Ha‘-II/IT, B KaKOM-TO CMBICJIC OHU PA3JIMYAIOTCA «HAIIPABJICHUCM)).
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Ecmu [[O6aBI/ITb, YTO KOMIIOHCHTBI BCKTOPOB KOMINUJIICKCHBIC, ITOJIY4aCM TaK HAa3bIBACMOC
CNUWHOPHDOR®H G PaEIGMeHbIE KOMIUIEKCHBIE BEKTOPBl X< U X, 3T0 C M UV HIX [ B 11

H O. [CiMHOPBI 00JaIal0T 3aMeYaTeIbHBIMU CBOWCTBAMH, 10 KaKOBOH MPUYHMHE HAXOAAT Ba)KHOE
npuMeHeHne B ¢pusuke. Brpouem, BO3BpaTUMCSi K OCHOBHOMY CIOJKETY.

g_.ﬂil Yero HyXxHbl NncCeBAOBEKTOPbI

MsI roBOpHIIM, YTO TICEBAOBEKTOP (AKCHANBHBINA BEKTOP) MPH CMEHE OCEHl KOOpAMHAT, HE
CBSI3aHHOU C 3€PKAIbHBIM OTPAKEHUEM, IPEoOpa3yeTcsi TOYHO TaK K€, KaK IMOJI0KEHO HACTOSIIEMY
BekTOpY. HO HHMKak 3TO HE TOKa3aIHn.

Jlokazath HecnoxkHO. Eciu X' 3TO IICEBIOBEKTOP, EMY COOTBETCTBYET AyalbHbI HCTUHHBIH
TEH30D:

€0 -x xo
é u
Xik_éX3 0 -Xlu.
e y? 1 u
& X X 0u

Taxkoit Tensop umeer uuBapuant: X, X' . B /ieKapTOBBIX KOOpJAMHATAX (MBI €I0 KOT/A-TO
pacnuchIBaIN) 3TO CyMMa KBaJIpaTOB BCEX KOMIIOHEHT.

Ortciona cienyer, uto (X)? +(x?)? +(x°)? nnBapuant. Ho faHHAs BeIMYMHA COOTBETCTBY-
eT JuthHe BekTopa X !

JlvHa TICeBIOBEKTOPAa MHBAPUAHTHA, 3HAYHT, €0 KOMITIOHEHTHI ITPE0OPa3yroTCst [0 TOMY XKe
3aKOHY, YTO ¥ KOMIIOHEHTHI HCTHHHOTO (TIOKY/Ia MBI HE BJaeMCsl B MX 3HaKh). IMEHHO 3TO TM03BO-

JICT OIICPUPOBATh AKCHAJIBHBIMH BCKTOPAMH A0 OIPECACIICHHOIO IPEAcia TOYHO TaK KE, KaK HC-

TUHHBIMH: BE/Ib 3TO MPOIIIE, YeM paboTaTh ¢ TEH30paMU, a pe3yiabTarT TOT ke. BOT 11 yero HyXHsI
aKCHaJbHbIE BEKTOPBI.

Ho yuutsiBas ux 0co0€HHOCTb, KOTOPYIO OTMETHIIN BhILIE!

Tawm, rie oHa HecylecTBeHHa, TOBOPSIT MPOCTO 0 BekTtopax. He yrounss, uto (K mpumepy)
BEKTOP YIJI0BOM CKOPOCTH 3TO aKCHAIbHBIA BEKTOP.

AHTUCUMMETPUYHLIN 4-TEH30pP

3Hasi B MPUHIIAIIE CTPYKTYPY aHTHCUMMETPUYHOTO TEH30pa, CKOHCTPYUPYEM aHTHCUMMET-
puuHbIA 4-TeH30p 2-TO paHra. BoT ero oOmwmii BUI (C MPOU3BOJIBHBIMA OYKBEHHBIMU 0003HAUCHH-
SIMH )

e0:a b go
Aik_g-aio d ey
&bi-d 0 xu
e u
&gi-e-x0q

Pazo0beM TEH30p Ha YacTH, Kak MOKa3aHO IITPUXOBBIMU JIMHUSIMH. M cpa3zy koe-4uto 3ame-
qaem!

Bo-nepBbIxX, nmpaBblii HUKHUN KBAJAPAT 3TO TOKE AaHTUCUMMETPUYHBIA TEH30P, TOJIBKO TPEX-
MEpHBIN. 3aMuIIeM ero B Takoit popme:

60 -a a0
Sa, 0 -al (npunnvan 3 =-x, a,=e, a,=-0).
ga a 04
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Benomnus (3.3), 3akimrodaeM, 4TO &, &y, 8; 5TO KOMIIOHEHTBI HEKOTOPOIO aKCHAJIbHOIO
BEKTOpa a: TEH30p JlyalleH IICEBI0BEKTODY.

Bo-BTOpBIX, BEpXHAsA W JieBas 4aCTU COOTBETCTBYIOT HEKOTOPOMY APYromy (IOJIIPHOMY)
TpeXMepHOMY BekTopy p. Ilpunumas: P, =a, p, = b, p; = g, moxydaeMm Hall TCH30p B OKOHYA-
TEILHOM BHJIE:

0

e P PO
e u
) Z- 0o - 2
pc=€ B % % (3.4)
?' P, & 0 - ail:l
e u
&P -3 a 0y

AHTI/ICI/IMMCTpI/ILIHHﬁ BGKTOp HepeﬂKO 3aIlIMCBIBAOT B KOMIIAKTHOM BUJIC:
ik —
A" =(p,a) (3.5)

— ¥Mesi B BUJIY, 4TO KOMIOHEHTHI AX 10 CyTH jiena sIBIAIOTCS HPOCTO KOMIIOHEHTaMH TeX
caMbIX BEKTOpOB [, a.

[Ipumem Ha Bepy (IpocTO Jadbl HE OTBIEKATHCS), UTO TOT e TEH30P B KOBAPUAHTHBIX KOM-
MOHEHTax Oy/eT BhITJISACTD:

A=(pa). (35

BeKTOpHbLIE KOMMNOHEHTLI 4-TeH30@

Wrak, BHYTpH aHTUCUMMETPUYHOTO 4-TE€H30pa Mbl Kak Obl HAILLJIM JIBA TPEXMEPHBIX BEKTO-
pa. Umeet 1 3TOT POKyC KaKOM-TO MpaKTHIECKHil cMbIci? J{a, 1 3TO 0OHApY)KHUBAETCs TIPH CBEPT-
ke TeHzopa A ¢ HEKOTOPBIM 4-BEKTOPOM X o A*x .

3anuiem, Hanpumep, 0-10 KOMIIOHEHTY HCKOMOW CBEPTKH:
A*X = A%+ %+ A% + A% = 0+ px + X, + Poxs.
Jla Besib 3TO MPOCTO CKAJISIPHOE IPOU3BE/ICHUE:

PX . (3.6a)

31ech X — IPOCTPAHCTBEHHAs 4acTh 4-BeKTopa X, .

Teneppb pacnumiem 1, 2 © 3 KOMIOHEHTHI CBEPTKHU:

A¥x = A% + Al + AP, + A%, =- px, +0+a,X, - a,,
AKX = A% + AP+ AP, + APX, = - poX - 3 +0+a,x,,
A¥x = A%, + A + A¥x, + A, =- px, +a,x - aX%, +0.

SIBHO OIO3HAIOTCS KOMIIOHEHTHI BEKTOPHOTO IMPOM3BEICHHUS, TaK YTO TPH CTPOKH JIETKO
00BEAMHUTD B OJIHY:

- %~ [ax]. (3.66)

Utak, 4-BeKTOp — pe3yibTaT CBEPTKHM AHTUCUMMETPUYHOTO 4-TeH30pa ¢ 4-BEKTOpPOM —
yI00HO packKiaJbIBaeTCsl Ha J1BA BBIPAXKEHUS, COAEPIKaIIIEe TPEXMEPHBIE BEKTOPBI:

A% =(px, - xp-[ax]). (3.7)

DTO HaM MPUTOAMTCS Jaliee, MpH (PU3NUECKON HHTEPIPETAINH YEThIPEXMEPHBIX BbIpaxe-
HUH.
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B cocraBe mcTHHHOTO TeH30pa OOHAPYXKWIOCH BeKTOpHOe npousBenenue. Crpanno? Ho
BC€Ib OHO ABJIACTCA 34€Ch UCTHUHHBIM BECKTOPOM, a HC IICCBJOBCKTOPOM. Tak xax BXOIISIH_II/Iﬁ B HCT'O
COMHOXKHTEIIb @ — YK€ IICEBIOBEKTOP.

BHumaHue: BeKTOpPBI P M a He SIBJISIOTCH NPOCTPAHCTBEHHBIMHU YACTAMH KaKHX-1H00
4-BeKTOPOB. JTO — BEKTOPHI OTHOCHTEIBHO TOJIKO YHCTO MPOCTPAHCTBEHHBIX MPEeoOpa3zoBaHUN
koopauHat... Ho B o0mieM cityuae 4-MepHbIX OBOPOTOB — HE MPe0Opa3yroTcsl Kak BEKTOpbl. OHU
IIPEJICTABIISIIOT cO0OM Kak Obl (COOTBETCTBEHHO) BPEMEHHYIO U IPOCTPAHCTBEHHYIO 4YacTH 4-
TEH30pa.
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4. TeH30pbI B 3rIeKTpoANHaAMUKe

Teopnua OTHOCMUTENbLHOCTW poagMNacb B 3HauYM
3aNMUCU ypaBHEHUIM . Mo KTQOANBBAMAT, UYTO 3N@BKT
nNwb6oii cUCTEeMEPXWOPEUMHTATCOBEpPLWLEABNOBAMBAKABDOD
bopMynupoBKa 3aKoOHOB [APaIGKHEAM ac YULPEW €T (BMOLBBAAT Kb LL| €
TEH30pHOIoO annaparTa.

3apgpavya nocnepgywwunx pas3fenoB He B A@MaAaHY
M3NOXEeHNWA OCHOB 3NeKTpogumHamukum. ULenb wnwmasa:
MEHAA TEeH3O0pPHbLW annapart.

Cuna JlopeHua

DNEeKTPOMAarHUTHOE TIOJI€ TIPUHATO (MCTOPUYECKH) Pa3AeisTh Ha JBE COCTaBISIOmUE: 3 JK €
T P U Y e moke QunedicTByrolee Ha 3apsii CUJION, He 3aBHUCSIICH OT ero MBWKEHUs), t Ma Tl H U T H
(meiicTByrOIIEE CUIIOMN, TIPOTIOPIIMOHATILHON CKOPOCTH 3apsana). YpaBHeHue C U /1 bl J1 appsieTes L, a
(1)aKTI/I‘-I€CKI/IM OMMpCACIICHUEM OTHX HOHGI\/’I, U BBITJIAAUT Tak:

f=eE+§[vH]. (4.1)

3neck Bektopel E m H mipencTaBisitoT 3M€KTpUYECKOE€ U MAarHUTHOE MOJisA, V — CKOPOCTh
JBYDKEHUS 3apsifa BennunHbl € KBagpaTHbie CKOOKM — BEKTOPHOE TMpou3BeneHue. Kak mpuHsATO B
TEOPHUH TOJISA, UCTIOJIb3yeTcs yaoOHas ['ayccoBa cuctema eIMHMII.

[lepBrlii wieH mpaBoil yacTu 0TOOpa)kaeT BO3JEHCTBHE HAa 3apsHDKEHHYIO YAaCTUILY 3JEKTPH-
4EeCKOro nouist. BTopo wieH — OeiMCTBHE MATHUTHOTO TIOJIS, MPOSIBIIAIOIIEECS TOJIBKO NPU ABHKE-
Huu 3apsiaa (korma vV, 0).

VYpaBHEeHUE BBITJISIAUT HEMHBAPUAHTHBIM. JI€HCTBUTENBHO, €CIIM MEPEUTH B CUCTEMY KOOp-
JMHAT, B KOTOPOH 3apsij] MOKOUTCS, TO MarHUTHOE I0JIe IeIICTBOBAaTh HAa HEro He AoJkHO. Ho cuna-
TO HUKYJa He aeBaeTcs!

UToOB! MOJONUTH K YeThIpeXMepHOU (GOpPMYIUPOBKE, 3aMEHUM BEKTOPBI CUJIBI M CKOPOCTH —
Ha «IIPOCTPAHCTBEHHbIE)» YaCTU, COOTBETCTBEHHO, 4-cuibl U 4-ckopoctu. [Ipocto pazmenum ypas-

nenne (4.1) na CV1- V2/c*:
f e 1 eé v
=— E+-g H
cV1- v /c?  Cy1-V2/c?  Cacyl- V2 /c?

du
CrneBa 3amnucaHa Tenepb NPOCTPAHCTBEHHAs YacTh 4-CUJIbI mCd— — cmotpurte (2.9), (2.10).
S

[eN e ]

B kpaitHem nmpaBoM uieHe OOHapyXHBaeTCs MPOCTPAHCTBEHHas 4YacTh  4-CKOpPOCTH:
\'

cvl- V3 /c?

AacT IIpaBoO 3alluCaThb:

mc%zg(uoEﬂuH]):E(uoE- [Hu]). 4.2)

1
=u (2.6a). A B cpenHeM — BpeMeHHas 4acTh 4-ckopocTd ———— = U°. Bce 710

V1-Vv?3/c?

I[J'IH TCX, KTO HOI[33.6HJ'I, HAIlIOMHHAK0: BCKTOPHOC IMPOU3BCACHUC HC KOMMYTATUBHO, IIPpU
NEpeCTaHOBKE COMHOKHUTEJIENl OHO MEHSET 3HaK.

BripaxkeHne B ckoOkax HalloMUHAeT YTO-TO 3Hakomoe! 1o xe (3.60) — mpocTpaHCTBEHHAs
4acTb 4-BEKTOpA, SBIIAIOLIETOCS NMPOU3BEeJeHHMEM HEKOTOPOro AHTHCHMMETPHUYHOIO0 4-TeH30pa
Ha 4-BeKTop U .
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0603Ha4YMM 3TOT (II0KA HEM3BECTHBII) Tensop: F X

TeH30p nonsa

3anumeM ¢opManabHO ypaBHEHUE criibl JlopeHIa uepe3 4-T€H30p — MPOCTO MO0 aHAIOTHUHU C
(3.7):
du _e_;
mc— =—F*u,. (4.3)
ds ¢

HaJio b TOHATH CTPYKTYPY aHTHCHMMETPHUHOTO TeH3opa F*. DTo cienars HECI0KHO
— mpocto comnoctasisis (3.6), (3.60) u (4.2). OyeBuaHo, 4to B (4.2) posb a BeimoHseT H, a posb p
— MmuHyc E, Tak uyTo:

F*=(-E,H).

F* HaspiBalorTT € H3 OPOM 3 /1€ K T p 0 @oaotTasmisic 36 MOKHO 1B300pA-
3UTHh MaTPUYHYIO CTPYKTYPY TE€H30pa I0JId B KoopauHaTtax X, Y, Z:

80 -E, -E -Eg
é

& 0 -H, H,
€, H, 0 -H
&, -H, H, 0y

X

u
Fk u .
g (4.4)
u

Ecmu M1 yoeaumcst, uro (4.3) cnpaBeiuBo (a MBI B 3TOM HIDKE yoenuMmcst!)... TO BBISICHS-
€TCsl, 4TO MOoJie B 3JIeKTPOJAMHAMUKE MMeeT TeH30PHYI0 MPUPOAY. A mpejcTaBieHue noJen (oT-
JIeNIbHO DJIEKTPUYECKOr0 U MarHWTHOTO) B BUJIE TPEXMEPHBIX BEKTOPOB JOMYCTUMO JIMIIb, TOKA U
MTOCKOJIbKY MBI HE TIEPEXOIUM B «IBUKYLIYIOCS» CUCTEMY KOOPIUHAT.

3aMeTHuM, 4TO TEH30p:

e0 -H, H o

y <
e u
gH, 0 -Hy
g H, Ho 0}

— SIBJISIETCS QHTHCHUMMETPHUYHBIM HCTUHHBIM TEH30pOM (KaK 4acTh HCTUHHOTO TEH30pa).
Onnako on ayaneH Bektopy H. CienoBaTenbHO, BEKTOP MAarHMTHOIO MOJISI 3TO AKCHAJIbHBIN
BeKTOP (NCEBIOBEKTOP).

4-cuna JlopeHua

. ik
IToxa urto 3anmch (4.3) runoTeTMYECKas; BIPOYEM, JUIS «IPOCTPAHCTBEHHOW» yactu F'
OHa yke mpoBepeHa. OcTanoch pacCMOTPETh «BPEMEHHYIOY YaCTh:

du’ e
mc— =—F%u,. (4.5)
ds ¢
Bpemennas kommoHeHTa 4-cuiibl (JIeBast 4acTh YPABHCHHUS) HaM U3BecTHA — cMoTpute (2.9).

Omna paBHa E !

O—————.
dt ¢2y1- v?/c?
Hy a npoussenenne F U, , yuntsiBas anTHCHMMETpHdHOCTS F* | MBI 3amiceBaeM 1o aHa-
noruu c (3.6a):

F%u,=-Eu.
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v
cV1- v2/c?

BauMaHme: 3HaK MHHYC IIOJIy4aeTcsl OTTOro, 4ro 4-sekrop U, B (4.5) xkoBapuaHTeH!

OcTaetcs TOJNBKO BBIPA3UTh 4-CKOPOCTh Yepe3 OOBIYHYIO0 CKOPOCTh: U = -

Kak Mbl 3HaeM, IIpy 11epexoie OT KOHTPaBapUAHTHOIO 4-BEKTOpa K KOBApUAHTHOMY MEHSIETCS 3HAK
IIPOCTPAHCTBEHHOM YaCTH.

B utore Bmecto (4.5) nony4yaem:

dE . 1 e Ev
hunte! -5 ,
dt c2\1- v?/c® C cy1- v3/c?
HIn.:

dE =eBEvdt=eEdr .

Nmeem 31eck 0O0bIYHOE ypaBHEHHE PadOThI, MPOU3BEAEHHON CHJION 3JIEeKTPUYECKOr0 T0-
JIsl TIpM TIepeMenieHnu 3apsaa Ha dr . HamoMHI0, 9T0 MArHMTHOE 10Jie He MPOU3BOAUT PAOOTHI
HAJ1 3apsSiIOM: €ro cuiia (10 MPaBIITY BEKTOPHOTO MPOU3BEICHUS ) BCET/1a OPTOrOHAIbHA CKOPOCTH.

Takum 00pazom, BpeMeHHasi KOMIIOHEHTa 4-CHIIbI TakKe UMeeT (PU3NYECKUd CMBICI. 3Ha-

YUT, TpeJcTaBlieHne cuibl JIopeHiia B yeTbipexMepHoit opMe MpaBOMEPHO, U OTPAKAET peaTbHO
MMEIOIIYI0 MECTO NWHBAPHAHTHOCTD SIBIICHUM.

Mpeo6pasoBaHue JlopeHua ans TeH3opa

[Tone3Ho y3HaTh, KAKUM 00pa30oM MPeoOPa3yrOTCss KOMIIOHEHTHI 4-TeH30pa 2-T0 paHTa MpH
nepexoie B APYryro cucTeMy oTcueTa. HauneM ¢ TeH30pa, KOTOPBIH SIBIISIETCS TPOU3BEICHAEM JIBYX
4-BEKTOPOB:

%nobo a_Obl aObZ a0b3 g

€ 10 1.1 1.2 13U

Fik aibk_éab ab ab® ab’y
- T Aa2I0 211 21,2 21311

u

€b” a’b ah® ab’U

@.3b0 a3bl a3b2 a3b3 H

Kax O6BILIHO, cyruTacM, 4YTO OTHOCHUTECIIbHAA CKOPOCTh CUCTEM KOOPAHWHAT HallpaBJICHA BAOJIb

ocu X'. Jlns xaxjoro us 4-sektopos a' u b* crnpasennusel npeo6pasosanus Jopenua (2.5). To-

r/1a JerKo coOO0pa3uTh, YTO BCE KOMIIOHEHTHI C MHJIEKCAMU TOJIBKO 2 M 3 — HE MU3MEHATCS (TaKuxX
KOMIIOHEHT YEThIPE).

Komnonenra a’b', x npumepy, npeodpasyercs Tak:

2
ao_yal bl_ybo FOl-XFll-YFOO+V—2FlO
F|01: alO bll —_ C ~ C _ C C C

- VIR - v e 1- v?/c?

Komnonenra a’b® npeobpasyercs Tak:

ao_yal poz_ V12
F|02: alO b|2: C b2 o C .
V1- V2 /¢? J1- V2 /¢?

Jlenast M asblie aHATOTHYHbIE IPeoOPa30BAHMS, HOMYUUM CleAyromuii Tensop s F™
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e F%-v/icF"-v/cFET+V/TFY F%-vicF? F®-vicGF o
e 2 |2 u
& 1-vilc 1- V2 /c? 1-Vv2Ic® |
é F2-v/icGF” F®-v/icF=u
é... U.
é 1- v*/c? 1-v?/c®
) F23 <
é.. u
é 32 v
8- F u

Mpeobpa3oBaHMe KOMMNOHEHT Nons

Kaercs, ctpaHHO: MoueMy He Bce STYEHKU MaTPULIbl 3aII0JHEHbI?

[ToToMy, uTO Hac MHTEpeCyeT 3/1ech MpeoOpa3oBaHNe aHTUCUMMETPUYHOTO T€H30pa (TEH30-
pa nosist). Takoit TeH30p, KaK U3BECTHO, SBJISETCS Pa3HOCTHIO JBYX «OOBIYHBIX» TEH30pOB. Tak Kak
npeobpaszoBanus JIopeH1a JIMHEWHBI, TO (POPMYIIBI CIIPABEAIMBBI U JJI ClTydasi aHTUCUMMETPHH.

Opnako 37ech Bce Npoiie (M0OTOMY-TO Mbl U COKOHOMMJIM Ha U3JIUIIHUX BbIUKCIEHUIX). Bo-
NEepBBIX, JAMaroHaidb HyneBas, F"' =0. Bo-BTOpBIX, MOXHO y4eCTh CBOWCTBO aHTHCHMMETPHH:
F* =- F¥. B-tpethux, ¢ yuerom nepgoro u Broporo, F'°" npespamaercs npocro 8 F°. TIpeo6-
Ppa30BaHHBIN TEH30p BHITJISAUT TENEPh TaK:

o F2-vicGR FP-victFg

U
é V1- v?/c? V1-vi/c®
é 0 F2-vicF? FB-vicF?y
g 1- V2 /c? 1- v/ c? 3
7 O F23 N
e u
e 0 H

3,Z[GCB MBI OIIATH OIIYCTUJIIN AaHTUCUMMETPHUIHBIC KOMIIOHCHTHEI.

Octanock cpaBHuTh ¢ (4.4) u BeIUCATL hopMyIbl peoOpasoBanus Jlopenna uis E,, E ,

E,, H, H v H, . M He OymeM TpaTuTh MECTO Ha TO, YTO MOKHO CIIEJIATh CAMOCTOSITENHHO, HITH

HaWTH pe3yNnbTar B yueOHHKE.

MHBapuaHTbl TeH30pa nons

TeHSOpHOG MpEaACTaBICHUEC (bHSquCKI/IX BCJIMYHUH II0JIE€3HO TEM, UYTO MOXXHO JICTKO BBISIBHUTH
HWHBApPHUAaHThI, KOTOPbIC OTHIOJb HE JIC)KAT HA IIOBEPXHOCTH. I/IHBapI/IaHT IJId TEH30pa II0JIA 3alliChI-

BaeM, KaK W JJIs JII00OTO TeH30pa 2-TO paHra: F F. . [lonoOHyt0 cBEpTKY Ham yXke J0BOAUIOCH
MIPOBOJUThH, BOCIOJB3YEMCsI TOTOBBIM PE3YJIbTaTOM, MOJCTABUB 3HAYEHHSI KOMIIOHEHT:

FURe=-(E)*- (E)*- (E)*- (B)*+(H,) +(H,)*- (E)) +(H,)* +(H,)*-
- (B)*+(Hy)" +(H)* =2(H*- E).
31ech yaTeHo, 4TO /i KOBAPMAHTHBIX KoMMoHeHT: E =-E',a H, =H'.

Taxum o6pazom, Beiuunna H? - E? spiiseTcss HHBAPMAHTOM MOJIS.
W3 TeH3opa Mo MOKHO 00pa3oBath ele ofuH «uHBapuant. €“"F, F . 3necs €™ a1o
COBEpIICHHO aHTUCUMMETPUYHBINA €IMHUYHBIN TeH30p Y € T B € [paHi.l O

HecnoxHo nokaszath (MBI YiKe OHYCTI/IM), 4TO B TPEXMCPHOM BUJC 3TO IMPUBOAUT K WHBAPU-
AHTHOCTHU CKAJIAPHOI'O IPOU3BCACHUA EH.
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I/IHBapI/IaHTHOCTb BBITCKACT U3 TOI'O, YTO BCC YCTHIPC MHACKCA «COKPAIIAOTCA» IMPU CBCPT-
K€. HpaB;[a, elklm ABJISICTCA IICEBAOTCH30POM, TaK YTO MBI I10JIy4acM HC BIIOJIHC MHBAPUAHT: HC CKa-

asip,an ¢ € B M1 6L HKedo kBagpaT yKe OyJeT HACTOSIIUM CKAISIPOM.
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5. TeH30pHbIe nons

Mbl BCTYNUAWU HaAa TEeEPPUTOPUI TEHI3OPHDLIX MO JE
cTpaHCcTBa COOTBeTCTBYyeT oOonNpefjefieHHOEe 3HaHe
NAPHbBE N BeKkKTaHi®e CMYy/MBAMN TEH3O0PHBLBIX.

OudhdepeHumpoBaHue No KoopauHaTam

®uznyeckue Mojs BCerja B KaKOM-TO CMBICIE «TJIAAKHE», TO €cThb TuddepeHuurpyemble:
CYILECTBYIOT IIPOU3BOJHBIE 110 KOOPAMHATAM OT KOMIIOHEHT T€H30pOB. VIMEIOTCSA B BUAY NPOU3-
BOJIHBIE TAKOTO MOPsAKa, KOTOPbIE MOTYT pealibHO MOoTpebdoBaThes. UTo 0OecreurBaeT 3aKOHHOCTh
npUMeHeHne Aud@epeHuanbHbIX ONepaTopoB, 3HAKOMBIX MO BEKTOPHOMY aHamu3y: I p a Ay € H
AVBepTr paTT.aPckonbky nojge 370 QyHKIUS, 3aBUCSIIAS OT HECKOJbKHX IMEPEMEHHBIX
(KOHKPETHO: OT YEThIPEX KOOPJMHAT), peub UIeTOY @ C T HbIX TN P.O U 3 B O A4 H bl X

3anuineM, K IpUMEpPY, TEH30P MTPOU3BOIHBIX BEKTOPHOTO Mot A':

QAT A

1 1 ...u

- A Y
_glA A N

G U
é.. .. .U

é v

e u

Ou4eBUIHO, YTO 3TO CMENIAHHBIA (OJAWH pa3 KOHTPAaBaApUAHTHBIN, OJIUH Pa3 KOBAPHUAHTHBIH)
TEH30p BTOPOIO paHra.

C ero noMomIbI0 MOKHO BBIPa3UTh AU(depeHIIHaIbl KOMIIOHEHT 4-BEKTOPa B BUJIE CYMMBEI:
i
dA = P2 gy
X

[IpaBna, TOTMYHO 3a7aTHCS BOMPOCOM, ACHCTBUTEIHHO JIM TAOIHMIIA YaCTHBIX MTPOM3BOTHBIX
310 TeH30p. Beapb eciu Het, To dA yiKe HE SIBISIOTCS KOMIIOHEHTAMH BEKTOPA. ..

B camom Hauane u3510)KeHHsI Mbl IPUHUMAIH, YTO MPU MEpexojie K Apyromy 0a3ucy — Ho-
BbI€ 3HAYEHHUS KOMIIOHEHT BBIPaXKAIOTCS U3 CTApbIX MPOCTO JUHEHHBIMU (DYHKIUSIMH, COTJIACHO
(1.1). Ho »T0 HecnipaBenIuBO B Ciydae KPUBOJUHEHHBIX KOOpAWHAT!
i
B uckpupieHHOM NpocTpaHcTBe — - U 0A 3T0 He TeH30pbl. UTOOBI COCTABIATL TEH30PHBIE

BBIpa)KEHUs, TPeOyeTcss BHOCUTh HEKOTOPbIE MOTPABKH, 3aBUCSIIUE OT T€OMETPUUECKON KPUBU3HBI
MIPOCTPaAHCTBA.

Takue momnpaBku Ha3pBAlOTCI C U M B O 1a MU K piogateeadreh,earo s pusnde-
CKOM IIPOCTPAHCTBE OHH K€ XapaKTEepPHU3YIOT rpaBUTAIlMOHHOE 1ojie! BripoueM, 3/1ech Mbl BCTymaem
yke B cpepy Teopuu rpaBUTALMU, YETO B JaHHOM MOMYJISPHOM OYEpKe JeNlaTh HEe COOMPAUCh...
Ha »ToM 1 0KOHYHMM Halll 3KCKYpC.

BekTop Habna

BaM, KOHEYHO, U3BECTCH OIEpaTop «H a 6)ﬂCﬁMBOJ'II/I‘{eCKI/II71 BCKTOP B TPEXMCEPHOM IIPO-
CTPAaHCTBE, OHpCI[GJ'IHCMBIIZ TakK:

D:%’£1£_
CHX LYy HZ-

DO
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EcrecTtBeHHO, 3TO HE BEKTOP B MOJUIMHHOM CMBICJIE: €0 KOMIIOHEHTHI — HE YKCia, a onepa-
TOPBI B3ATHUSI YACTHBIX MPOU3BOAHBIX. OJTHAKO OH MOJYUHSIETCS BCEM BEKTOPHBIM MpaBuiam. [lo-
3TOMY CUUTATh €TO0 BEKTOPOM KpaiiHe yI00HO.

H

B TCH30PHBIX 0003HAYEHUAX OH BBITJIAAUT KaK b= - 4! BUHO, YTO CCJIM KOOPAWHATHI

KOHTpaBapHUaHTHBI, TO KOMIIOHEHTHl D KOBapHaHTHBI (KOHTpaBapUaHTHBIN WHACKC B 3HAMEHATEIE).

Yepe3 D nerko BeIpa)karoTCsl TpaJMeHT, TUBEpreHIus U potop. Ho Tonbko B Tpexmepun!
[lenb Hamiero paccMOTPEHUs — SIBUTHCA C ATHM alaparoM B 4-IpPOCTPAHCTBO, MOCKOJIBbKY TpPEX-
MepHbIe qudQepeHIraIbHbIe OTIepaToOPhl He JIOPEHI-MHBAPHAHTHEI.

JUJ1st 3TOTO HAJO MOTYYUTh HHBAPHAHTHBIE (POPMBI YKa3aHHBIX OMEPATOPOB.

4-rpagueHT cKanspHoro nons

'p a 4 ¥ er¢iBEKTOP, XapaKTEPU3YIOIINNA H3MEHEHHE CKAJSIPHOM BETMYUHBI )/ OT TOYKU K
TOYKE NOJIs. B I€KapTOBBIX KOOPJAMHATAX BEKTOP TPAIUECHTa UMEET KOMIIOHEHTHI :

a Q
grady :%’M’%a
C Wy Mz =
Nnu wnaue moxHOo 3amucath: grady =Dy . CuMmBoianyeckuii BEKTOp Habjia YCIOBHO

«yMHOXaeTcs» Ha ckanap / . Tak kak BekTop D KoBapMaHTHBIN, TO M TPaIUEHT TO KOBApHAHT-
HBII BEKTOP.

W

Eme omun crmoco6 3amucu: grady =——. KoneuHo, €ro He CTOUT MOHHUMATh OYKBAJIbHO
(BEKTOp HE MOJXKET ke CTOATh B 3HaMeHaresne!) 31o He 6osiee ueM yCIIOBHOCTb.
W
Ocranock pa3o0parbcs, Kak BBITJIAAUT 3amuch 4-rpaguenta —— B 4-mpoctpanctse. [loa-

cTaByisieM B KadecTBe X°, X°, X°, X° 4eTblpeXMepHble KOOpAMHATHL: Ct, X, Y, Z. ITonydaem:

a1 )
L{:%%,M,M,Me_ (5.1)
o gC T xpypz s

MoTeHUManbLHoe none

I/IHBapI/IaHT (CKaJ'I}Ip) HCECJIOKHO TTOJIYYUTH IIYTEM CKAJISIPHOI'O YMHOXCHUSA KOBAPUAHTHOI'O
BEKTOpa IrpaJueHTa Ha KOHTPABAPHAHTHBII BEKTOP, HApUMep (B TPEXMEPHOM Cilydae), Ha BEKTOP
dr (dx, dy, d2):

by dr :%dx+%dy+gdz.
MX Ky Hz

Ilounenno YMHOXAarOTCsl KOBAPHUAHTHBIC U KOHTPABApUAHTHBIC KOMIIOHCHTBI, KaK W IOJIO-
JKCHO B CKAJIIPHOM ITPOU3BCACHNU. 3anmiieM B TGHSOpHOﬁ (I)opMe:

Dy dr = “—yl dx'.
X
PesynbTart siBisieTCs CKalsipoM, U JIETKO JIOTaaThCsl O €0 CMBICIE: 3TO MOJIHBIN TuddepeH-
1uaJ CKaIIpHoi QyHku dy .

4-MepHBIil BAPHAHT TOTO XKe:
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dy :“—J/id)(i :%‘ldude+%dy+%dz§:%£dt+ﬁdrg. (5.1a)
HX ¢ Mt MX Hy iz =+ cHt M-

[Mockoseky dy = H—yid)(I SBIISICTCS TIOJIHBIM T QepeHnnanom, T0 KpUBOJIUHEHHbBIN HHTe-
rpajl, B3STHIA 110 HEKOTOPOMY ITyTH

A, o =iy

— HE 3aBHCUT OT IIYTH UHTEIPUPOBAHUSA, U PaBEH IIPOCTO ﬁiy =yY,-V,, T. €. pa3HOCTHU

3HAQYECHUM CKAIIPOB KOHEYHOM M HAYAJIBHOM TOYEK TPACKTOPHUH. M3BECTHO, YTO BEKTOPHOE IIOJIE

W

——, obnazaroee TakuM CBOWCTBOM, Ha3bIBAE€TCA M O TLEVHA /1 b H bl M

[Tone rpaguenTa mMoTeHIMAIBLHO, M, HAOOOPOT, JHO00E MOTEHIIMATBHOE TOJIE STO TPATUEHT
HEKOTOPOTO CKAJSIPHOTO TOJISI.

4-anBepreHUnsa BEKTOPHOro nons

O 1 B e p I (acpMaaame») BEKTOPHOTO OIS 3TO CKaJsAp, CIeI0BaTeILHO, caM 1Mo cede
nHBapuaHT. CleI0BaTeIIbHO, JUBEPICHIIMS JO0JDKHA MOTYYaThCs KaK «CKASIPHOE MPOU3BEICHUEY.
Tak oHO U ecTh!

B ACKAPTOBBIX KOOpAWHATAX!:

divA:”AX+“Ay+“AZ.
MX Hy Mz

B ten3opnoii hopme:

bA = L. A" (CMMBOJIHMYECKOE CKAIPHOE NIPOM3BENAECHHE KOHTPABAPMAHTHOIO BEKTOPA I10-

JISi ¥ KOBapMAHTHOTO BEKTOpa HabIa).
A teniepb 4-muBepreHnus B 4-nmpocTpaHCTBE:
i 0 1 2 3
1
WAL A 52)
o Cc M Xy iz
JluBepreHius — pe3yabTaT CBEpTKU. TO ecTh, 3TO Clie]l TEH30pa MPOU3BOAHBIX BEKTOPHOTO

PA M

II0JIA. Sp K Ho CBCPTKY BCKTOpa — MOKHO IIPOU3BECTU HE TOJIBKO C BEKTOPOM, HO U C TCH30-
X

poM OOJIBIIIETO padra. I[anee HaM 3TO ITPHUT'OJUTCH.

4-poTOpP BEKTOPHOro nons

P o T 0 p&mapHOro monst A Hazo0BeM TEH30pHOE TOJje, oOpasyromieecs: aabTepHAIHEH

i k
MCKIAY HaOma u A . Nnaue TOBOPA, 3TO Pa3HOCTb TCH30POB IMPOU3BOAHBIX ITOJIA %k u &I , TI€

X
BTOPO# TEH30p —«T P & H C N 0 H V) p(leBe@an bl MecTaMu CTOJIOIBI U CTPOKH).

B Tpex uzmepenusx:
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e 5 PA _PA A AR

e 2 1 3 iU

é O O
S oSNNI L

XXt epxt X X X

A DA IA PA o U

B ¢ H

3I[GCI> BCKTOP A B34T TOXKC B KOBApPWAHTHBIX KOMIIOHCHTAX, yTOOBI M30€KAaTh CMENIaHHBIX
HHACKCOB B UTOTC.

Kak u momaraercs, pe3ynpTaT — aHTHCUMMETPUYHBIA TEH30p 2-TO paHra CTPYKTYphl Z;,

3ILCCI) BCCTO TpHU HC3aBUCUMBIC KOMIIOHCHTBI, U €0 MOKHO 3aMCHUTH AyaJIbHBIM aKCHAJIbHBIM BCK-
TOPOM:

PA VA A PA PAQ
A= - Lndl §
o fujx&w@ux TN

YT0O CUMBOJIMYUECKH SIBIIICTCS BCKTOPHBIM ITPOU3BCACHUEM HaOia ¢ BCKTOPOM II0JIA:
rot A =[DBA].

BbI, KOHEYHO, YBEpEHBI, YTO MMEHHO 3TO Ha3bIBAIOT poTopoM. A BoBce He Tenzop (5.3)!
Bepro. OnHako mojMeHa aHTUCHMMETPHYHOTO TEH30pa IICEBJOBEKTOPOM pabOTaeT TOJIBKO B
TpexMepHOM mnpocTpaHcTBe. [losTomy, roBops o 4-p O T 04pBee K T O P H Q HMBIOT B BUAyA
TeH3op, aHaornyHbId (5.3). Tonmpko ero MaTpuma OyneT yxe pazmepoM 4x4. U conepxaTh OH OY-
7eT 6 He3aBUCHUMBIX KOMIIOHEHT, a HE TPH.

BHuMaHue: aHTHCHMMETPHYHBINA TEH30P 2-T0 PAHIa MOKHO CYUTATH POTOPOM HEKO-

TOPOr0 BEKTOPHOTO M0Jisi (B 4-MPOCTPAHCTBE — YECTHIPEXBEKTOPHOTO). DTy UJICI0 Mbl HUXKE MpPH-
MEHUM.

YeTbipexMepHbIN NoTeHuunan

BepHemcst kK TEH30py 3JIEKTPOMArHUTHOTO 1oJst (4.4), mepenuiieM ero, Ho TOJbKO B KOBa-
puaHTHO# (opme:

&0 E E Euo

. _&E 0 -H, H g
ik_é-E H, 0 _ng.
y

§E -H, H 0}

HOCKOHLKy OH aHTUCUMMCTPUYICH, CIICAIOBATCIIbHO, MOXKCT OBITh 4'p0T0p0M HCKOTOPOro 4-
BCKTOPHOI'O ITOJIA A. Bot 1 3anuimieM ero B BHJIC pOTOpAa.

rae A — 4-sektop. Ham mpeacTouT noHsTh (pu3ndeckuii CMbICI 3TOro 4-BeKTopa (eCiu TaKko-
BOH CMBICII CYILIECTBYET, KOHEYHO).

Beipazum uepes A TpexMepHBIi BEKTOp dieKkTpudeckoro nois E — oH cooTBETCTBYET BepX-
HEl CTpPOKE KOBapUAHTHOI'O TEH30pa:

E I:Ok (FOl' FOZ’ FOS) éﬁ IJA) IJAZ IJA) U% “Abg
ch® T e e+

MB&1 BUIUM 37€Ch Pa3HOCTh IBYX BCKTOPOB:
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1) nepBbIit g O,ﬁo,ﬁo&
CHX™ X XT =
2) BTOpOIt g T %;, ﬁ;B
CHX™ pXT X
0 . 1pA
BcnomuuB, yto X' =Ct, nepBbIi BEKTOp 3alKChIBAEM B TPEXMEPHOM BHJE KakK - Pt
C

3HaK MUHYC HOSIBUJICS 34 CYET KOBapUaHTHOCTH 4-BekTopa A.

Hy a BTOpO#l MyHKT — 3TO 3HAKOMbIE KOMIIOHEHTHI TPaJAUEHTa CKaJIspHOro nosst. OKkoHYa-
TEJIBHO 3alKChIBAEM B TPEXMEPHOH (hopme:

OueBuano, uto A, = A’ 510 mpocTo notenmman (C K @ /1 1 P H bl i ) ji OnExepHuscikb-a N

ro noyst. 1o ananoruu ¢ Ha3piBarOT B € K T O P H bIM 1 OuTHEpBHIY, WISH /JOPakacT dIeK-
TPUYECKOE T0JIE, CBSI3aHHOE C MEHSIOIKUMCS BO BPEMEHH MarHUTHBIM IIOJIEM.

A moTeHIUAJ MOJIA B 11€JIOM SIBJISAAETCS 4-BeKTOp0M.

BBenenune 4-noteHnumana — 3To Mepexo/ OT TEH30PHOTO K 4-BEKTOPHOMY OMHUCAHUIO MoJis. B
pane ciaydaeB OHO okasbiBaercs mpoure! Ceidyac mpoIeMOHCTPUPYEM HHTEPECHOE MPUMEHECHHE
JAHHOTO MOAXO0A.

AHanornyHo BI)I6epeM N3 MaTpUIbL Fik KOMITIOHEHTBI MAarHuTHOI'O ITIOJIA:

H= FOk (F32’F13’F21) aé& IJ% IJA3 M IJA UAZO
AT AT TSN R

Jla Beab 9TO 0OBIYHBIN TpexMepHbI poTop! Takum 0Opa3zoM, MOTyUHIIH:
H =rotA.

Mony4yaem ypaBHeHua MakcBenna

O6pa3yeM TaKyro CYMMy:
“Ek + “Fkl + “Fll . (54)
o

3amedaeM, 4TO 3TO TEH30p 3-TO paHra, IMOJHOCTHIO aHTHCHMMETPHYHBIA. B camom nene,
MOMEHSEM MECTaMH JIFOYIO Mapy WHACKCOB, Hampumep, | U K, momydaeM (y4uThiBasi aHTHCHMMET-
puio Tensopa F):

MR +pFi| +“F|_k —_ HF, _ UFl_d _ HF; .
o X ) X X

3HaK CMEHHIICA Ha HpOTI/IBOHOJ'IO)KHHﬁ — AHTUCUMMCTPHA HAJIUIO.

IMoncrasnss teneps B (5.4) BeIpaKeHUE MOJISI Yepe3 MOTEHIMA, TOJTy9aeM:
WA ﬁA LA WA ﬁA WA
T ST YT GV TSI RTSOIG
Ho »10 ke TO)I(,ZLeCTBeHHLII/I HOJIb, OTHOPOAHBIC YJICHBI COKpaH_IaIOTCH! OTCIOI[aZ
”‘I:Ik + quI + ”‘I:h =0. (55)
oo

[Momy4mmny He YTO UHOE, KAk N € P B Y 10 anBaHpeyH uyinp M ackspegvepmali dopme.
Ecnu moka He BCPUTCA — ceMyac IIPpOBCPHM.
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CreBa CTOWT, KaK MblI yO€IMIMCh, aHTHCHMMETPUYHBIA TE€H30p. 3HAYUT, HE PABHBI HYIIO
TOJIBKO T€ €r0 KOMIIOHEHTBI, KOTOPhIE UMEIOT BCE HECOBIAIAIOIINE WHAEKCH. TaKMX KOMIIOHECHT
(3HaumMbIx) Beero 4 — s uuaexcos ikl =123, 012, 230, 301.

BbI ckaxere, 4To ecTh U Ipyrue komOuHaimu? Ho 3aMeTuM, 9TO UM COOTBETCTBYIOT TOYHO
TaKHe K€ KOMIIOHEHTHI (JIN0O MMEIOIINEe MPOTUBOIIOJIOXKHBIN 3HaK). HanpuMep, KOMIIOHEHTa ¢ HO-
mepoMm 102 paBHa (C IPOTUBOIOJIOKHBIM 3HaKOM) KomrioHeHTe 012 (nepecrabiieHbl MecTamu | u K),
a komroHenTa 120 npocto paBHa e (BTopas nepectanoBka — K |).

Takum obpaszowm, (5.5) y Hac pacragaercs Ha 4 ypaBHCHHUS:

IJF12+UF23+|J'F31_
DTS
IJJ:01+“F12+“F2O _O
DENUSNT'S
UF23+p‘F30+|J'F02_
DTGNS
UJ:3O+|J'F01+UJ:13 _0
DU

[ToncraBnseM 3Ha4YeHHs] KOMIIOHEHT TE€H30pa MOJIS, U 320/JHO BCIIOMHHAEM, Y€MY COOTBET-
CTBYIOT KOOPJIUHATHI X' 4-IPOCTPAHCTBA!

_UHZ_UHx_pHy:

ANVEENT A

HE, 1pH, ME, _,

Wy c W o

_}I‘u_lx_l"Ez+uEy:0
cCu W oz
“‘Ez_l_uEx_l_}tu 0.
X pz C Ht

OcTanock MPUBECTH B MOPAJOK 3HAKH... U MbI MOJYYWIA 3HAKOMYIO [0 Y4e€OHHMKaM Mapy
ypaBHeHUN MakcBea:

div H =0 (u3 nepBoro),
1pH

———+rot E =0 (u3 ocTaIbHBIX TPEX).
C
3aMeThTe: MOJYYWIA YUCTO MAaTEMATUYCCKUMHU BBIKIaaKamu! 3HAYMUT, JAHHBIC ypaBHEHUS

SIBJIIFOTCSI IPOCTO (POPMATTBHBIM BBIpXKEHHUEM TOTO (haKTa, YTO MOJIE MOXKET ObITh IPEACTABICHO 4-
BekTOpoM. Hukakoii Apyroit ¢u3uKy B HUX HE COJIEPIKUTCS.

«MarHuTHbIN 3apag»

VpaBuenue div H =0 roBopur o TOM, 4YTO HE CYLIECTBYET «MarHMTHBIX 3apsanoB». Ho,

BO3MOJKHO 3TO COBCEM He Tak — ¢ (pU3MuecKoil Touku 3peHus? 1 Ha caMoM Jene moTeHIual moss
He sABIseTCS 4-BEKTOpPOM?

[Ipenmonoxum, uro divH =) . BcnomauM, 4to BekTOp MarHutHoro nosst H — akcuanb-

HBI. A TIOCKOJIbKY JUBEPreHIUsl — TEH30pHas OIepaius, 5TO 03HA4aeT, YTO TUIIOTETUYECKUI Mar-
HUTHBIN 3aps] )/ He MOXeT ObITh CKaJIspOM, 3TO JOJKEH ObITh N C € B [, O.dIpuaMere panpas-
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JIEHUsS. OJIHOM U3 Ooceil KoopAMHAT (WM BCEX TPEX) )/ JOJKEH CMEHUTh 3HAK Ha IPOTHBOIIOJIOXK-
HBbIH!

Ocraetcst 106aBUTh, 4TO (PU3MUECKAss BEIMYMHA, MOAXOMIIAsS HA MOAOOHYIO POJb, HEH3-
BECTHA.
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6. QHeprusi-umnynbc

MOXHO CcUYMTaTb, 4TO Mb O0Ba/aew UH art e3HT300MD HYbITh
3aKoHYuUTaecne gy ownen KpCcar3pfaeT/vieB P IB B a I M NOK a3 af b,
TepecHOro B @MW3unMKe MOXeT ObITb NOJIYy4yeHO nNnpwu

3aKOHbB Knaccuyeckotm PM3INKNW NOKanbHBLI,

TOYKE nNpocTpaHCTBA 3aBUCUT TONbKO OT OKPYXE
COCTOUT KoOHUenNnuuMeXKAY3IRPONEBUMTBHRBAHTOBAS ME X

YpaBHeHue HenpepbIBHOCTU

HpI/IHIII/IH JIOKAJIBHOCTU — MAaTCMATUYCCKU BBIPAKACTCA YPaBHCHHUEM HCIIPCPLIBHOCTU, KOTO-
PO€ MBI JICTKO BBIBC/ICM.

[1ycTh B mpocTpaHCTBE UMEETCSl HEKOTOpask cyOcTaHIMs, oOnaaatomias CBOMCTBOM C O X P 4@ H

€ M 0 C(femoKeT MporaaaTh, WM BOZHUKATh M3 HUYET0), ¥ H € N P € P bl Bidi MdEeT ddBEp-
1aTh CKAYKH B ITPOCTPAHCTBE, a TOJBKO MEePETeKaTh M3 OJHOTO MECTa B JPYroe).

Kcratu, o HenpepsiBHOCTH. [Ipeamonoxum oOpaTHOE: B HEKOTOPOM MECTE MPOCTPAHCTBA
CyOCTaHIMsI KcUe3iia, HO OJJTHOBPEMEHHO TOSIBIJIACH B TOM K€ KOJIMYECTBE B Apyrom mecre. Kaxker-
Csl, COXpaHEHHE-TO HE HapyIIaeTcs?

Ho Benp 0HOBpPEMEHHOCTh OTHOCHUTEIbHA; HAaWAETCS CHUCTEMAa OTCUYEeTa, B KOTOpPOH CyO-
CTaHLUA — TaM yXe HcYe3lia, a 3[iech elle He nosisuiack. JInbo Haobopot. [losyyaercs, eciim He-
YTO COXPAHSIETCsl, TO OHO 00513aTeJIbHO HenpepbIBHO!

O0603HaYUM TJIOTHOCTh CYOCTAHIIMU B KaXKJI0W TOUKE uepe3 / , Torja ee KOJIMYeCTBO B 00b-
emMe V TpecTaBUTCS HHTETPAJIOM:

fY dV (unrerpan Gepercs 10 BeceMy 00beMYy).

JlaHHasi BeIMYMHA COOTBETCTBYET OAHOMY MOMEHTY BPEMEHHU. A H3MEHEHHE KOJINYEeCTBa BO
BpEMEHH, COTJIACHO 0003HAUEHHOMY CBOMCTBY, MOXKET IMPOUCXOIUTH TOJIBKO 32 CYET MPUTOKA U OT-
TOKa 4yepe3 MOBEPXHOCTh HaIIero 00beMa.

0O0603HauMM MOTOK CYOCTAaHIIMU B KakJ10HM Touke uepe3 . [10 T O KOYieM Ha3bIBaTh BEK-
TOp TEYEHUS, BEIMYMHA KOTOPOTO paBHA KOJUYECTBY, IEPEHOCUMOMY B CIUHHIY BPEMEHH 4Yepes3
SIMHUYHYIO IUIOMIAJIKY, EPICHAUKYIISIPHYIO TIOTOKY.

Yepes wronanky dS, mpon3BojIbHO OPUEHTHPOBAHHYIO, B €MHHUILY BPEMEHH MIEPEHOCUTCS
j dS cybcraHuuu — 3/1€Ch y4acTBYET CKaJIIpHOE MpOU3BeAcHHE. A MOTOK Yepe3 BCIO 3aMKHYTYIO
MOBEPXHOCTbD:

fj ds.

CKOpOCTB HU3MCHCHHUA KOJINYCCTBaA CY6CT8.HHI/II/I BHYTpU TOBCPXHOCTH, OFpaHI/I‘lI/IBaIOH_Ieﬁ
oobem V — 3TO, OYCBHUIHO, ITIOTOK Y€PE3 €€ IIOBEPXHOCThD.

&ﬁ dv =-fj dS. (6.1)

3HaK MHHYC OTTOTO, 4TO BeKTOp OS MpUHAT HampaBIEeHHBIM HApyXy U3 obbema. Tak 4uTo
TeueHHe BHYTpb oObeMa (yBeIMUYeHHE, MOJOXKHUTENbHAs MPOU3BOIHAS]) COOTBETCTBYET HarpaBiie-
HHIO MoTOKa MpoTuB dS. Takue Belu MPUXOAUTCS YUUTHIBATH, KOTa HMEEM JIENO0 C aKCHATBHBIMHE
BEKTOpPaMH.

[TomyueHHOE OYEBHUIHOE YpAaBHEHHUE Ha3blBaeTciy P a B H e H W e M H .eMeipre quuel B H
6osiee ynpoctuM. J[ist dero ucrnosib3yeM u3BectHyto o p My ny-OCapoc Pa gcKor o
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f) dS=fivjdVv.
KoTopas 03Ha4aeT: MOTOK BEKTOPHOIO IOJIS YEPe3 3aMKHYTYIO IOBEPXHOCTb MOKHO 3aMe-
HUTb UHTETPAJIOM 110 00bEMY OT AUBEPTEHIIMU IOJIS.
Teneps B (6.1) ABa 0THOPOTHBIX UHTETPAJIA, UX MOKHO OOBETUHHTD!

o

Ao WD,
fpeliv j +—adV =0.
¢ M

I[a n camMm I/IHTCFpaJI MOXXHO BI)IKI/IHYTI), TaK KakK paBeHCTBO Hy.IHO JOOJI2DKHO O6€CHC‘II/IB3.TI)C$I
JUTsl IPOM3BOJILHOTO 00beMa:

div j +%=o. (6.2)

[Tonyunnm yHHBEpCcalbHOE ypaBHEHUE HENPEpbIBHOCTH. Ho ceiuyac Mbl IOCTYIIUM €1e CMe-
nee! Jlyig yero pacnuiieM KOMIIOHEHTHI IMBEPIeHIINN |

diVj +£:&+&+&+K:%+&+&+}£_
X My Mz Bt X py pz C Mt
VY3naere? D10 ke 4-TUBEpreHIus 4-BeKTopa, UMEIOEr0 KOMIIOHEHTHI ji(C/‘, J) . Okxonua-
TEJIBHO 3aIKMChIBAEM Hallle YPaBHEHHE HEITPEPHIBHOCTH TaK:

H o, (6.3)

Kpacusbiii pesynbrar! XOTs €ro MOXHO MOCTaBUThL II0J COMHEHUE: saBjsercsa i | (Cr, )
i
4-gextopom? [la, siBsercsi! OO0 ATOM CBUAETEIHCTBYET PABEHCTBO F HYJIIO, TO €CTh CKaJISpY.

4-TOK

MbI IpOBOMIIN pacCykJIeHUs 03 KOHKPETHKH, paccMaTpuBas BOOOIIE Cpely, XOTs Obl U
KITIOKBEHHBIN KHcenb. [lonmeM B AIeKTpOJMHAMUKE YTO-TO, JUIS YETO JICHCTBUTEILHO YpaBHEHHE
HETPEPBIBHOCTH.

Haunewm ¢ nipocroro. Kak uzBectHo, 3apsan € coxpaunsercs. [loatomy cpenoit, y1oBiIeTBOpS-
IOIICH YPAaBHEHUIO HEMPEPBIBHOCTH, MOXKET OBITh pACCPEIOTOUYCHHBIM B TIPOCTPAHCTBE 3 /1 € K 8 P U !
CKun .3apsag

de . :
O6o3Hauenue / :d_V MBI TEeph IpunumeM 0 6 be MH O MW N /1 0 T, H=Ore daskl- 3 a

BalOTB € K T O P O M N /1 0.®#eQrepTjUCr,T) aipurdato HasbiBath 4-T O K OkdHedHO, 6O-

JICC IIPAaBHUIJIbHO — YCTBIPCXMCpPHAA IINIOTHOCTDb TOKa). Kak BHUIHO, BpeMeHHOﬁ KOMITOHEHTOH 4-TOKa
CIIYKUT IJIOTHOCTB 3apsdaa.

YpaBHeHHe HeNpepbIBHOCTH (6.3) cripaBeIMBO Ui 3apsija.

Ewe ypaBHeHna MakcBenna

JIt00OMBITHO B Ka4eCTBE HaIleh Cy'6CTaHI_II/II/I pPacCMOTPECTh IIOJIC. ITomHauTE HOEIO O TOM, 4YTO
BO3MOKHA JUBCPICHIHA TCH30PHOI'O noisg? Bor u 3anumem JAUBCPICHIMIO TCH30pPa 3JICKTpOMaAr-
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ik
HuTHOTO mostst F ¥ . OHa sBisieTcst 4-BEKTOPOM C HHICKCOM i pF_k, TO €CTh, 00pa3yeT 4-BEeKTOPHOE

2 ik & 2 ik

M a Q WF
nose. [locnennee, B CBOIO 0UePe/b, TOKE HMEET JUBEPIEHIMIO: — B¢
X ¢ + XX

Ho »t0 BhIpakenue paBHO Hymawo! B camoMm jerne, mepecTaBUM MeCTaMH HHAECKCHI, TOTIA

KaXk1ast U3 KOMIOHEHT F* cMeHuT 3HaK (anTHCHMMeTpHs). Ho BRIpaKEHHE B 11€I0M CHMMETPHYHO
OTHOCHUTENBHO | U K, 3HaYUT, OHO OT NEPECTAHOBKU MHICKCOB MEHATHCS HE MOXKET. BbiBO/I 04eBH-
JCH.

&uF " @
Takum oOpaszom, H =0. A 310 ecth ypaBHeHUe HenpepblBHOCTH (6.3). Tak, mMbI
™ <8 yp pep
¢ <

ik

Hanu 4-BeKTop: 3aBUCSIINN OT MM0JIs, YOBJIETBOPSIONINNA YPaBHEHUIO HENPEPHIBHOCTH!

k 2

WNuTepecHo noHsATh ero ¢uznueckuit cmpici. K npumepy, HaliileM €ro HyJeBYK KOMIIOHEH-

TYy:
WEO_WF WFTLF” WFC | LE, WE E, o
D T S 1 G "GN "SR U G VA V2
Ho, kak uzBectHo u3 pusukn, div E =4p 7 (3axon ["aycca). BoT Tak pazouapoBaHue: okasa-
HF * . | . 4p
J10Ch, 4TO ——— 9TO 3HAKOMBIH BeKTOp 4-TOKa | (C/, |), C TOUHOCTBIO 0 KO dULIHEHTa - e

ik
U noJie 4-Toka

Pa3 yx Tak BBILLIO, MOXXHO NPUPABHATH IPYT K APYTY T0JI€ 4-BEKTOPa ——

(c koadppunuenTom - — ).

ik
4p .
uF_i =- _’0 j k . (64)
X C
Croprpus: ypaBHenus (6.4) npeacraBst BT O PY 0 Napy Y p a B IKIKON
MIPOBEPHUTH CAMOCTOSTEIIBHO, MTOJIYYHUB:

divE=4p s npu k =0; (6.4a)
rotH =2+ k=123, (6.46)
cu ¢

BonHoBoe ypaBHeHUue

VpaBHeHue (6.4) B KOBapHAHTHOW 3aIMCH: W __ 4% j BBIpa3UM uepe3 IOTEHIHAI,
X c
BCIIOMHHAs, 4To F :&i- ﬁk:
X X
o ~ 2 2
a Q_H M _ 4p .
M A Q. WA WA _ 4P, (6.5)

i - i k
o X xS c
A TenepL caciacm HC6OJ'IBIJ_IOC OTCTYHHGHI/IC. Hpe):[nonomle, qyToO 4'B€KTOp IIoTCHOalia siB-
JISACTCA 4-rpa,ZLI/IeHTOM HCKOTOPOFO CKaJ'IHpHOFO I10J14 y .
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W

X
Haiinem nosie Takoro nmoreHIyana;
2
= IJA< IJA _ l«U/ -0,

DET UX IJX X' X
[Tone paBHO Hymo! DTO O3HAYaeT: €CIM K MOTEHIMATy MPUOAaBUTh IPaJUEHT JHO00M CKa-

JSpHON (PYHKIIMHM, 3TO HUKAK HE TOBJIMSCT Ha moJie. Ja W W3 CTaHJapTHOTO BEKTOPHOTO aHAIHM3a
W3BECTHO, YTO POTOP TPagueHTa PaBeH HYJIIO (a MoJie 3TO POTOP).

T'oBOpST, YTO BIECKTPOMArHUTHOE IOJIe 00IagaeT CBOMCTBOM I pa A M € H T HO M O !l H

c T.Wo €CTh, MOTCHIHUAI HCOJAHO3HAYCH, K HEMY MOXKCT OBITh NpHMCHCHA Ta WKW HMHasA K a J =163 po
K a

Kcratu, Takoii ckangpHoi (QyHKIMEH MOKET ObITh JUBEPreHIus MOTeHIMana )y = A . Ee

9
W _ A0 A

IpajenT: — =—d&—Q0=———. Takum 00pa3oM, JaHHO€ BBIPQKEHHE MOKHO CBOOOHO MpH-
X XX = XX,

6aBJ'ISITB K HOTCHHI/IaJ'Iy NN OTHUMATHh OT HCTO — Ha I10JIC OTO HC ITOBJIUIACT.

Bo3spamasces k (6.5), y3HaeM BO BTOPOM CJaraéMoM Kak pa3 TO, YTO MOXHO OTOPOCHTB.
Takoe oTOpaceiBanre Ha3bIBalOT K @ 1 M 6 p 0 B K O Torndborgueacs: L, a

uA(.—-4—pjk(ypaBH8Hl/le JBAmBoamoéBpa )ypaBHeHMNe
X, X Y

B mycToM mpocTpaHCTBE, TJIe OTCYTCTBYIOT 3apsbl M TOKH, OHO IPEBPAIIAETCs B «ypaBHE-
HUe 0e3 MpaBoi 4acTy:

WA
X, X

Pacniumem nonpo6Ho npomBoany}o K-10 KOMIIOHEHTY MOTEHIIHAIA:

2 a 0
WA _ 8 §+ %8"'_%8 He 3a0piBaeM, 4TO 1Ba OJMHAa-
b X HX cH% = - 2= ¢

KOBBIX HHJEKCa (OJUH HAaBEPXY, z[pyroﬁ BHH3y) 3TO cymmal
Hy a Teneps:

1) BcmoMuHaeM 3HaU€HUSI KOOPAUHAT 4-POCTPAHCTBA;

H
2) KOBAapUAHTHOCTDb — Y4YUTBIBAEM MUHYCaMHU NEPEA IMPOCTPAHCTBCHHBIMU KOOPAHWHATA-

MHU.
Torna nmeem:
WA _ Gggﬂg uyﬁg ugéﬂo Ha
X X S Mg Mt + IXg X + WClY = HZg Kz =+
[Tomyynnu BOTHOBOE ypaBHEHHE B TpeXMEpHOil popme:
2 2 2 1 N 2
HuxpZk +uuy? +uuz? 3 ut? -0
oo W :
+— (on okBuBajeHTeH div grad) Ha3bIBAIOT OIEPATOPOM

TRTYRT"

Jlamnmaca, Tak 4to (6.6) MOKHO 3amucaTh KpaTKo:

1 OOt

G[D

(6.6)

Omneparop D=
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DA, - idlz—pkzo. (6.6a)

Omnepatop Jlamnaca — ckansipHbIi (Kak JUBEPreHIMs), HO HE JIOPEHII-MHBAPUAHTHBINA (I110-
2

. 1 .2
CKOJIbKY TpexXMepHblii). A BoT omneparop D- —ZdJ—Z, TO €CTh H -, YK€ ABISIETCA 4-MEPHBIM
C .

«ckansgpom». Ero npunsaTo Ha3biBaTh oneparopoM [[’Anambepa, u o6o3Hadars 0. BonHoBoe ypas-
HeHue 0e3 HpaBOﬁ YaCTH BBITTIAAUT IIPU TAKOM 0003HAYEHNH:

oA =0.

To ke camoe ypaBHEHHE CIIPAaBEUIMBO U YIS JIIOOOH KOMIIOHEHTHI TIOJISI — AJIEKTPUYECKOTO,
MarHuTHOTO. Taxkum 06pa30M, OT CUCTEMBbI ypaBHeHI/II;'I, CBA3BIBAIOIINUX PA3HBIC KOMIIOHCHTLIL HOH€I>'I,
MBI MIEPEILIN K OJJHOMY YpaBHEHUIO JUIs 000U OT/eNbHOM KOMIIOHEHTHI (MpaBia, 3TO ypaBHEHUE
yKe 2-To nopsijika)

KcraTu, BCoMHHAM, 4TO ISl CTAIMOHAPHOTO MOJIA:

E=-grad/ .

U torna (6.4a) MOKHO 3amucath:

divgrad/ =-4p ¢, unu:

D/ =-4p/(y paBHeH W e npiveraNo€ BOKRKAPOCTATHKE).

4-NNOTHOCTb NOTOKa MacChbl

dm o
Bo3emem Tenepr maccy m. O6o3Hauenue / :W COOTBETCTBYeT MA C C OB OUW N NO

j=rv OyreTN O T O K O M — BeRr@,CB&IMYMHA KOTOPOTO paBHA Macce, MEPEHOCUMOMN B €1H-
HUILy BpEMEHH uepe3 eAMHUYHYIO TUIOMIAIKy, ePIeHANKYISPHYIO TOTOKY. M omsITh HosBIiseTcs 4-
BekTop |'(Cr,|), ynoBiaersopsiomuii ypaBHenuo HenpepbisHocTH (6.3).

BpeMenHas 1 IpOCTPAHCTBEHHAs KOMIIOHEHTHI ' HABOMAT 3/1€Ch MBICIL 00 DHEPruu (Mac-

cal!) u umnysbce (Macca Ha CKOPOCTh!). YMHOXUM KOMIIOHEHTHI HaIIero 4-BeKTopa Ha ﬁ .
1-v°/c

[Tonygaem:
. . mc
'=d—m917:i2 E (momus, yto E = ——").
dvV J1-v?/c? ¢ dV 1- v?/c?
: dm. v dp mv
j'=r'v=—0————=—— (IOMHS, 4T0 P = ———)
dvV J1-v?/c? dV V1- v3/c?
dE/c dp

KomnoHneHThI 4-BeKTOpa: V2 u vk Bugum TyT 3HaKOMbIE KOMIIOHEHTHI 4-BEKTOpa

SHEPrUU-UMITyIbca P' = E/C, . Kazanoce Obl, moayuuian 4-BeKTO W3WYECKUH CMBICI KOTOPO-
b 2

T'O — IIOTOK 3HepFI/II/I-I/IMHYJ'ILC€1. ..
HenpustHslit cropnpus: 310 Bece HeBepHO! Henb3s 6110 yMHOXKATh Ha ﬁ , OTa Be-
1-ve/c

JMYMHA HE MHBApUAHT, Mbl HE MOTJIM HOJIYYUTh 4-BEKTOPA.
A Kak ke yIpaBUThCS C dHepruen-ummnynbcoM? Celuac yBUIUM.
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TeH30p 3HEpPruu-nMmnynbLca

DHeprus (Tak ke, Kak U UMITYJIbC) COXpaHseTCs. 3HAUUT, U JUIsl HEE CIPABEIJIMBO ypaBHE-
HHUE HelpepbhIBHOCTH. Bo BesikoMm cityuae, ypaBHeHue Turma (6.2).

B Hem nomKkHBI, ecTecTBEHHO, purypupoBatb M /10 T H O C T bW BNHOETPOTKN VMBSH € p T
S W
st + usy + l‘l z 4 I“l

=0, wmn:
X Wy pz  f
/c
“V\O/+“SXIC+HS"2 +HSZ£C:O. (6.7)

pX HX MX pX

Jlenenue Ha C HYKHO JUISl COTJIACOBAHUS Pa3MEPHOCTEH C €Ile TPEMS YPaBHEHMSIMHU — JIA
KaKJJ0M KOMIIOHEHTHI UMITyJibca. B HuX yxe Oynyt ¢purypupoBarh MIOTHOCTh UMITYJIbCA U MOTOK
MITyJIbca. Beero nomyyaercs 4eTslpe ypaBHEHHs HEpepbIBHOCTU. HO ecTh BaxkHast OrOBOpKa.

JTo cux mMop MBI UCXOJWIIH M3 TOTO, YTO KOJMYECTBO «CyOcTaHmum» B o0beme 0V uHBapu-
anTHO. Hanmpumep, 3aps — 3TO HHBApHAHT, CKaJISp.

BuumaHue: YHeprusi He HHBAapUAHT, HMIYJIbC Toxke! W u S He SBISIOTCS KOMIIOHEHTAMHU
4-pexTopa, mepexon K (6.3) HEeBO3MOXKEH.

Kak w3BecTHO, HHEpPIrUs W WMITYJIbC SIBISIOTCS KOMIIOHEHTaMHU 4-BEKTOpa OSHEPTHH-
UMIYNbca. 3HAYNT, JIEBbIC YAaCTH YPABHEHUH HEMPEPHIBHOCTH — TOKE KOMIOHEHTHI 4-BeKTopa (KO-
TOPBII paBeH HYJIIO).

UtoOBI omIepaTop L. nan 4-BEeKTOpP, OH JIOJDKEH OBITh MPUMEHEH K TEH30py 2-TO paHra, TO

Mo

ecTh, Ha MecTe ypaBHenus (6.3) — =0 — nospnsercs:
ik
T o, (6.8)
X

P 00 TOl T02 T03g
u
~110 Tll -I-12 T13‘

k — e u 2
T Tgro g yz2 qay T EH3IO0OP AMEPNUE@A
é u

é-r?)o T3l T32 -|-33u

ypaBHeHI/Ie (68) KaK pa3 pacrnagacTcsa Ha Y€TbIPE YPaBHCHUA HerepBIBHOCTI/IZ
00 10 20 30

TS T T

DV S 0
01 11 21 31
HTO +HT1 +HT2 +HT3 -0,
DT U G

— U TakK JaJice.

[lepBoe U3 HUX MBI YK€ 3HAEM, TaK 4YTO: T®=W, T°= S, /c, TZOZSY/C, T = S,/c.
[Tonmarpuua:

éTll T12 Tl3ﬂ

: 21 22 23l:|

g T TRy

AT 31 32 33l:|

g T T

umeer B (pu3nKe 0003HAYCHHUE:
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e-sxx -sxy -sng
e u
&Sy “Sy TSl
%szx _szy _szzu

M Ha3bBacTCAT € H3 O P O M H & MajBahing, etyimedl n3 MEXaHUKH CIUIOIIHBIX CPEI.

V Hac, KOHEYHO, HUKaKUX «HAMpsDKeHui» Het. U, k npumepy, (- S,,) 9TO KOJIUYECTBO Z-ii KOMIIO-

HEHTHI UMIIYJIbCa, IPOTEKAOIIEE YEPE3 CANHUYHYIO TUIOAAKY, NEPIEHANKYIAPHYIO OCH X, B €IU-
HUILY BPEMEHU.

N3-3a paBHONpPaBUs IPOCTPAHCTBEHHBIX KOOPAWHAT TEH30P HANPSIKEHUH CUMMETPUYEH, TO

€CTb, €TI0 KOMIIOHCHTBI HC U3MCHAIOTCA IPU NEPECTAHOBKC NWHIACKCOB. Tak 9TO U Bech TCH30P 3HCP-
TMU-UMITyJIbCa CHMMCTPHUYCH, II0O3TOMY:

T=5/c, T?=S,/c, T®=5,/c.
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7. BonHbl matepum

Bynem paccmMaTpuBaTb Tenepb MOHOXPOMAaWHN Y
6o TOUKe npocTpaHcTBa nNnone (91eKTPUYeECKHKOE
LanbHOW GYHKUMEN BpeMeHWN: BOMe 6 &aem oaB0ddk oovnpie

bopmMe STO 3anucoebBaeTcsa, KaK Fra’s e a/m+€00,/1 HGa/Ae ah
AMOAanTy Ay nona+fmesm MEEUAHTMCITHLD. A

BonHoBoOU 4-BeKTOp

PaccmoTpum ¢azy )/ konebanus B kaxaoi qanHol 4-touke. [lone ¢a3 3to ckanspHoe nose,
¥ MOKHO 3aITHCaTh €r0 TPaJIUEeHT:

Q
Py = auy W HJ/S
o ART2

Kak o0p1uHO, HGpGXOJII/IM B 4-IpOCTPAHCTBO U HaXOAUM 4-TpaJIueHT:

wo_alw o Y 0

X gC Mt

Pazbupaemcs ¢ ¢puznyueckuM CMbBICIOM THOJydeHHOro 4-BekTopa. BpemeHHas koMmoHeHTa
COJIEP’KUT MPOU3BOAHYIO (pa3bl O BpEMEHH NpHU (PUKCHPOBAHHBIX KOOPAWHATAX; 3TO HE YTO MHOE,
Kak KpyroBas yactoTa W.

[IpocTpancTBEeHHAss KOMIIOHEHTA, TpagueHT (a3pl — 3TO (111 (PUKCHPOBAHHOTO MOMEHTA
BPEMEHH) BEKTOP, HAIPaBJICHHBIM B CTOPOHY HamOoJiee OBICTPOro yBenuueHus ¢aspl. YUUTHIBAS,
uTo (haza Ha MYTH, PABHOM JUTMHE BOJHBI / , MeHsieTcs Ha 20 , abCONIIOTHAS BEJIMUYMHA IPaJUeHTa

2p 2p

paBHa K = - B (usuke 310 Tak Ha3bIBaeMbIi B O /1 H O B O K, aRre Kiaue k= i BOMH

B Oe€ 4Hymcecno
Tounee, BOJTHOBON BEKTOP 3TO BEKTOP, IPOTHUBOIMOJOXKHBIA OomucaHHOMY: K =- By, Tak

KaK CYMTAIOT, YTO OH JIOJDKEH TIOKa3bIBaTh HAIIPABJICHHUE PACIIPOCTPaHEHUs BOJIHBI. B TO Bpemst kak
daza Bo3pacraer, HA000POT, MIPOTUB ABMIKCHHUS BOJIHBI (10 JaJbHUX TOYEK OHA JOXOMHUT C 3aI03/1a-
HUEM).
Tenepsb y:xke MOXHO 3aITUCATh:

o ~
W _aw Q
—=2-,- ko.
X ¢C -

Kak m060#i rpaaueHt, 310 KoBapuaHTHBIH BekTop K . IlepeiiieM K KOHTpaBapHaHTHOMY,
MOMEHSB 3HAK y IPOCTPAHCTBEHHON YacTu. OKOHUYATENbHO:

K =W -av 8 (7.1)
B c¢cC =

EcrectBeHHO Ha3BaTh K' BOMTHOBBE@M TH P O M

Mnockasa BonHa

[Tone BomHOBOTO BekTOpa N O T € H U, UrAKbIe ipaareHTa). BcmoMHUTE, 4YTO B TaKOM
cllydae KpUBOJIMHEWHBIM UHTErpal He 3aBUCUT OT ITyTH UHTETPUPOBAHUS:
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ﬁ(idxj :%dxi = ﬁjy =YV
Cunras HauanbHYIO (pa3y HYJIEBOH, MOJTydaeM:
Y = ffdx .
_aw 6 L
Nwmes B By, uto k =g, - ko, dX =(cdt, dr), nomydaem misi CKalsipHOTO HPOHM3BEIC-
¢C +

nus: kdx = wdt- kdr .
Torma: y =wut - Kkr.

3neck t U I — BpeMeHHas U MPOCTPAHCTBEHHAs! KOOPJIUHATHI, OTCUUTAHHBIE OT YCIOBHOIO
Havaya KoopAuHaT. HTerpa B3aT OT HyJIeBOM ToukH 10 Touku X =(Ct,r).

3anuiieM IIOCKY0 BOJIHY U3BECTHBIM 00pa3oM B KOMILJIEKCHOU (hopme:
F=g” =gtk (7.2)
Pa3YMeCT05[, AMIUIMTYda BOJHBI MOXKCT OBITH HpOH?:BOJ'IBHOI\/’L " 31CCH OITyIICHA.

CKopocCTb cBeTa

[lycth F — KOMIOHEHTA AJIEKTPUYECKOT0 WJIM MAarHUTHOTO Mo (HeBakHO). BecmoMuHaem
BOJITHOBOE ypaBHEHUE (6.6a):

1 W°F
DF - - (LZ =0. (*)
c M
[ToxcTaBuM B ypaBHEHHE KOMILICKCHOE BhIpaxkeHue st F (7.2):
2_ji(ut-kr) 2_ji(nt-kr) 2_ji(nt-kr) 2_ji(nt-kr)
e e e 1 ye
g 2 T g 2 T g 2 _zél—z =0.
HX Hy Mz c pt

YacrtHsie IMPOU3BOJHBIC BEIYHMCINTE HECIIOXKHO, IIPHU 3TOM IOJIYYaCTCA (HpOBepBTC!)Z
_ kzeu(m- kr) + g e|(W£—kr) — O
Cc

Ecnu npu Haxo’k1eHUU MPOU3BOJIHBIX BCTPETUTE TPYAHOCTH, TOT/IA IJIsl POCTOTHI CUUTAN-
Te, 4TO BOJIHA PACIPOCTPaHseTCs BJOIb ocH X, n KI MosxkHO 3amennTs Ha KX (K— BoHOBOE uncio).

2p

— L2 _
OuyeBuHO, YTO JUISI PAaBEHCTBA HYJIO JTOJDKHO OBITH: =Kk°. A mockoibky K= T, TO

C2
w w

nojyyaercs: — =—— . Wi ¢ =—.
c

Ho st mo06bIx BOOOIIE BOJIH CIIpaBeIMBO: V, =

w
PR rae V, — ¢a3oBas CKOPOCTb BOJIHBI (B

w/
HallpaBJICHUHU BOJIHOBOI'O BeKTOpa). N3 cooTHOIIEHNUI C = 2— cnez[yeT, qToO Vf = C, (1)a30Ba;1 CKO-
pOCTL C-)JICKTpOMaFHI/ITHBIX BOJIH paBHa (1)YH,[[aMeHTaJ'H>HOI7I HOCTOHHHOﬁ C. I/IHTepeCHO, YTO OO CUX

IOp HaM 3TO HC OBLITIO U3BECTHO! A CTaj0 SICHO TOJBKO ceﬁqac, I[IpU aHaJIN3€ BOJIHOBOT'O YPABHCHUS.

PeleHns BONTHOBOro ypaBHeHUs

M1 y6enunuch, uto ¢pyaxiuu uga F =€) (¢ mpousBoabHBIM MHOKHTETEM) ABISIOTCS
€IIeHUsIMU BOJIHOBOTO ypaBHeHUsl. Ho, pasymeercs, He Tonbko oHu! [lockombk aBHEHME JIU-
b b
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HEHHO, TO W Jr00as JIMHEWHas KoMOMHANUS (cyneprno3unus) GyHKIUNA TaKoro BHUIAa TOXE Oyaer
peleHueM.

ByneM [ IpocTOTHI paccMaTpUBaTh BOIHY BI0Ib ocu X. F =&

KoopauHare [ BuUA:
kx X
t=t- —=t- —.
w Cc
MBI yci0BHO Iepenuy K CUCTEME KOOPAUHAT, ABMXKYLIEHCS BMECTE C BOJIHOM — € €€ CKOpO-
cthto. [losydaem Tak Ha3piBaeMbIii M P O PV /1. B O /1 H bl
F=€&"!
Ho, xak u3BecTHO, Takoro pojaa GyHKIUU BXOAAT B uHTErpast Oypre. JIroOyro GhyHKIHUIO Te-

pEMEHHOI [ MOKHO MpeNCTaBUTh CylepHo3unueii Gpyakuuii Buga €’ (c mpou3BOILHBIME YacTO-
TaMH) — [IPH pa3yMHbIX OIPaHUYEHUAX, KOHEUHO. JIt06ast OyneT peuieHrueM BOJHOBOIO YPaBHEHUSI.

, M TIEpenIeM K HOBOM

Wrak, GyHKIUSA IPOU3BOJIBHOTO «IPOQHIIL», IEPEMEIIAIOIASCS BAOJIb OCH X CO CKOPOCTBIO
C, YJIOBJIETBOPSIET BOJIHOBOMY YpPaBHEHHIO, U MOJXET paclpoCTpaHAThCA B IMpPOCTpaHCTBe! A He
TOJIBKO CHHYCOMJIalIbHasl, KaK HHOTa BooOpaxaroT. [Ipodunes GpyHKIIMK npu pacnpocTpaHEHUU HE
MeHseTCSl. DTO CBSA3aHO C TEM, YTO 3JIEKTPOMArHUTHbIE BOJIHBI B BaKyyMe HE TUCHEPrUpPYIOT (CKO-
POCTb HE 3aBUCHUT OT JUIMHBI BOJIHBI).

YpaBHeHue KnenHa-fropaoHa

BonHbI HEOOsI3aTENBHO ABISAIOTCS 3JIEKTPOMAarHUTHBIMM, U B 001IeM ciydae V, , C. BosHo-

BOC ypaBHeHI/Ie, HaHpI/IMep, JJIA aKYCTI/IquKI/IX BOJIH BBITJIAOWUT TaK.:
1 A°F
DF - — dl—z =0.
Vo

[ToHsTHO, YTO Takoe ypaBHEHHE CIIPaBEAJIUBO TOJHKO B CHCTEME OTCYETa, CBA3AHHOH CO
Cpeioii pactpocTpaHeHus, a nHaue Ga3oBas CKOPOCTh OyaeT apyroi (K TomMy jke HeM30TpoIHoi). U
TeM OoJjiee, ypaBHEHUE HE SBIIETCS JIOPECHI-WHBAPUAHTHBIM. TOUHEe, OHO JOPEHII-UHBAPHUAHTHO C
napaMeTpoM V, BMECTO C, YTO HE €CThb (pyHJaMeHTalbHas JJOPEHI-MHBAPUAHTHOCTb.

Kopoqe, OHO BHC HALIECro paCCMOTPEHM:, IIOCBAIICHHOTI'O HHBApHUaHTaM.

Hac Gynyt uHTepecoBaTh BOJIHBI, UTpatoliye B Gpusnke GpyHIaMEeHTaIbHYIO POJib, U CBSI3aH-
HbIE C IEPEHOCOM Macchl. YTOOBI BOJIHOBOE ypaBHEHHE (*) OMUCHIBAJIO TaKyIO BOJHY, €0 HAJ0 MO-
TUGUIIPOBATE. ITO JENaloT J00aBICHUEM CIaraeMoro:

2

2
DF - id:[t—lzz- k?*F =0, rne k? — koHCTaHTA.

C
B 0os1ee KOMITaKTHOI 3aIIUCH:
oF - kK°F =0.

VY CoBepIIIEHCTBOBAHHOE BOJIHOBOC ypaBHCHHE Ha3biBalOT Y P @ B H € H 1 elvo pKaneeHiaH
3TO OJIHO M3 BXHEUIIMX ypaBHEHUH TeopeTndeckoi ¢pusuku. Ho He OyneM nmpuHUMATh Ha Bepy, a
yOeaumcsi, 4To OHO paboTaer.

_ Y _
_ kzel(wt—kr) +_2e|(wt—kr) _ k2e|(m—kr) :0
Cc

%
=

k2 = k2, (7.3)
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> s 2
e I . (7.4)
cC+ 8&:2 0

3neck yureHo, uro W=V,K. BbIKIaaKyu IIKOJBHOTO YPOBHS, HO Pe3yiabTaT BakKHbIA. [liis
HAYaIa OH TOKA3BIBAET, YTO BEIMUMHA A° MOXKET OBITh HYJIEBOM, TONOKHTEIBHON MM OTPHIIA-
TeJBHOM — B 3aBHCHMOCTH OT TOTO, 4TO Gosbure: V, mmu C. HaoGopoT, ecim m3BectHa A, TO U3
(7.4) nonyyaem 3HaueHue PpazoBOM CKOPOCTH.

3anaua. Jlokasars, uto ypaBHeHue Kielina-I'opgona nopeHI-koBapuaHTHO.

2
Omneparop JI’AnamGepa O JIOPEHI-MHBAPHAHTEH, TaK Kak sBiseTcs 4-MepHbIM. MHOXUTENbs K
TaKXe, TOCKOJIBKY MPEACTaBIISICT COOOH CKAIsp.

MHBapuaHT BONTHOBOIro BeKTopa

o ~
. i_aw  Q
WNuBapuant (CKaIApHBIA KBaapaT) BOJHOBOTO Bektopa K' =g—,KQ, oueBmmHO, paBeH:

gC+

BHumaHue: He cjeayeT CMeIIMBATH MHBAPHAHT (CKAJSIPHBIM KBaJApPaT) BOJHOBOIO 4-
BekTOpa K'K , M CKAJNSIPHBIN KBAJPAT TPEXMEPHOr0 BOJHOBOIO BeKTOpa K° — KBaapaTt BOJI-

HOBOT0 YMCJIA.
A ¢ yaerom (7.3) momyqaercs, uto kK'k = k?,
Takum o6pazom:
1) nmpu k? =0 u k'k, =0: v, =C (31eKTpOMarHUTHBIE BOJIHBI);
2) mpu k* <0 u k'k <0: v, <c;
3)mpu k>0 u k'k >0: v, >c.
3HadeHne GazoBON CKOPOCTH JIETKO BBIBOAUTCS U3 (7.4):

k? k*I?
vV, =C 1+F . A ecim moacraButh K :%, TO mosry4utest V; = C,(1+ 407

207,

w

Wnu, ¢ yuetom Toro, yto / =

3agaya. BeImomHSETCS TU CBOICTBO OTPa)KEHUsS CBETa — PABEHCTBO YIIIOB, €CJIH 3€pKajio
JBHIKETCS MMapaJICIbHO CBOCH IIockocTH? CKOPOCTh 3epKaya IMpearnoaracM HalpaBJICHHOU 10
ocH X, CBETOBBIE JTy4yH JiexaT B TuiockocTu XY.

WHTYUTHBHO Ka)KeTcs, YTO TaKOE ABMKEHHME BIMTH HAa OTPaXEHHE HE JOJDKHO, HO TOYHO MBI HE
YBEpEHbI, HE TaK Jn?

Ou4eBUAHO, IUISICATh HAJ0 OT COMYTCTBYIOLIEH CHUCTEMBI OTCUETa 3€pKajia, e YIibl MaJCHUSI U OT-
pa’keHusl 3aBEAOMO OJMHAKOBHI, a nanee nepedtu B ucxoanyr MCO. Ilockonbky nepecuuTsiBaTh 1o Jlo-
PEHIly MBI yMeeM Ito0ble 4-BeKTOpHI, Ha/I0 BHIOPATh MOAXOMAAIIMHI. 4-CKOPOCTh HE TOAWTCS, OHA HE CyIIle-
CTBYET [UIsi CBETOBOro HBHKeHUS. Ho BnomHe mnomoiier BOJHOBOW 4-BEKTOp, XapaKTEPU3YIOIIU
HaIlpaBJICHUE PACIIPOCTPAHEHUS BOJIHEI.
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B conyrctByromeit UCO nocne oTpakeHus:
1 .
kommoHenTa K™ (mmo ocu X) HUKAK He H3MEHSETCS;
xommonenTa K? (o ocu Y) MeHsIeT 3HAK, COXPaHsis BEINUMHY.
Tenepsr mnpeoGpasyeM ux mno Jlopenmy: kak wu3BectHo, K'Z2=Kk?, a Bmectro k' 6ymer
1 Vo 1 Yw
k- ~k k- =
kvl - C - C
212 212
VI- V22 1- Ve
JUYMHY KaTeTOB: PABEHCTBO YIJIOB cOXpaHHUTCSA U B Jroboi apyroit MCO, HO Tpu yCIIOBHH, YTO B3aUMHOE

ABMIKCHHUE JICKUT B IJIOCKOCTH 3€pKajia. Toapko camu YTJIbL 6yI[yT OTJIMYAThCA B pa3HbIX CUCTEMAX OTCUCTA
@beppaunya ceerTa

Jasiee MBI elrie MONpakTUKyeMCs ¢ TpeoOpa3oBaHUSMH BOJIHOBOT'O 4-BEKTOpa.

. Kak Buanm, orpakeHne mo-npexxHeMy He MOBJIHSIET Ha aOCOJIOTHYIO Be-

Adyanu3m BONH U YacTuy

CpaBHUM JiBa YpaBHEHHUS:

1) Kk =2

o k* = k* — ypaBHenrue (7.3), MHBapHAHT BOJHOBOTO 4-BEKTOPA;

2
2) p'p :? - p?> =m’c? — OCHOBHOE ypaBHEHWE JMHAMHKH, HHBAPUAHT 4-BEKTOpA SHEp-

TMU-uUMITyJbCa.

o ~
. i_aWw Q
Onn ouenpb noxosxku! Tomydaercs:, uro BosHOBO#M 4-Bektop K' =g,k 0 (7.1) ato anasor 4-
¢cCc =+
i _aE o
BEKTOpa SHEPTUH-HMITYJIbCa YaCTUIBI P =g, PO. UToObl OH MONHOCTHIO COBHAT C TAKOBBIM,
c =

aw . @ .
YMHOXHM ge—, K 0 Ha koadduitueHt >, ypaBHHBAIOIINN pa3MEPHOCTH:

(;C
ki =>8 k9= 8= p'. (7.1a)
ccC + ¢C =

Teneps, B (7.1a): E =>W — nonnas sueprus, p = >k — ummyisc. Ho, o3BoJIbTe, SJHEPTHS U
UMITYJbC — yero? Beap peub uieT 0 MOHOXpOMATUYECKOU BOJIHE, €€ SJHEeprusi OeCKOHEUHa. . .
[Ipunercs moJI0KUTh, YTO CYIIECTBYET MUHUMAJIbHAS MTOPLHKS BOJIHBI — K B &, HOT/a UMeeM

BBIPKCHUS JUISI DHEPTUU U MMITyJIbca KBaHTa. He sBisieTcst cekpeTom, 4to >=— 310 N P U BHe [ €
2p

HaA4 NOoOCTOAH EHl'B.—HHpOEif(EIF&O-I(K'IHO AHHa BMGCﬁkﬂKﬁYH)]KOf&‘I&CTOTH uHorga

NPUMEHSIOT 00bIYHYIO (/7 ), ¥ TOr1a SHeprus kBanta E=hn .

YAuBUTE/IbHOE CBOIICTBO MPHPOABI: YTO JOMYCTHMO MATEeMATHYECKH, TO 00513aTeJIbHO
COCTOUTCSI B PeajibHOCTH. MOHOXpOMATHYECKasi BOJIHA U YaCTHIIA OTIUCHIBAKOTCS aHAJOTUYHBIMU
cooTHOIEHUsIMU. ONBIT OKAa3bIBAET, YTO, U B CAMOM JIeJie, YACTHI[AM COOTBETCTBYIOT BOJIHBI, a
BOJIHAM — YaCTHUIIBI.

Toraa ypaBuenue (7.3) OyAer BBITIAAETH TaK:
>2pf
C2

- SKk? =%k, (7.5)
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[Monyuny ypaBHEHUE JMHAMHMKHU B BOJHOBOM (opme. Tak Kak cIrpaBa JOJLKHO CTOSATH M°C?

, 30]THO W Y3HAJIM, HAKOHEIl, YeMy PaBHA HaIlla KOHCTaHTa K 2, OHa cOOTBETCTBYET Macce, MepeHo-
CHMOMU BOJIHOM:

_m*c?

2
k =

Tenepb MOXHO BbIpa3UTh (Pa30BYI0 CKOPOCTb BOJIHBI YEPE3 XAPAKTEPUCTUKH COOTBETCTBY-
FOILIEN €M YaCTHIIBI:

2 mZCZ
V; =¢,/1+— =c [1+ —— (mocrosunas [Tnanka cokpamaercs).
Kk

p

? E
Moxcrasnsas M°c® = z P®, IPHUXOUM K Upe3BBIYAIHO TIPOCTOH hopMyre: vV, =—.

2
A yuutbsiBas, uro: E=-—— rme V — cKOpOCTbh 4acTHIIbl, OTBEYAIOIIEH BOJIHE, MOJIy4aeM
\'
_¢
ele npome: V, = —.
\'

JlmrHA BOJIHBI, COOTBETCTBYIOIIEH YaCTHIIE:

_p_2p>_h
K p p
doToH

[ycte M=0. Iony4aem yxe 3Hakomoe. k> =0, V, =C — CKOPOCTb BOJIHBI paBHa C, 3TO
CUTYaIUs 3JIEKTPOMArHUTHOW BOJIHBI, UMEIOILIEH HYJIEBYIO Maccy.

. o >w
Taxkoii BOJTHE COOTBETCTBYET YacTUIa ¢ dHEeprued E =>W u ummynscom P =—, u3BecT-
Cc

HastiKak PO T O H

Ms1 yxxe oTMevanu, 4To sl citydasi HysiaeBoit Maccel K'k = 0. BenomuHasi, 4To BOJHOBOM
BEKTOP 3TO IpaJueHT (a3bl, MOIydaeM:

W W _o,

X

D70 M3BECTHOE Y P @ B H € H U € mnpAMeHseOod B DRoACTpUUIEeCKoi onTrke. A dasy J
Ha3bpIBAlOT 3 M K Q H a N

AdvchekT Oonnepa

[Mepenuiiem popmysty npeodpazoBanuii JIopeHia 11 HyJeBOH KOMIOHEHTHI 4-BEKTOpa X :

Vv
X - =Xt
XnO_ C

B NV
aw

U npumenuM ee k 4-sektopy K' =g, K 8. Cuuraem mys npoctotsl, uto k> =0 u k® =0
c -

»
=

(pacmpocTpaHeHHE BOJIHBI BJIOJb OCH X), k!=k=
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w 2w 1- \
[Tonygaem: ke=Z2=_€ 7€ Ty C , TOCKOJIbKY Il 3JIEKTPOMAarHUTHOMU
C J1-v?/c® C J1-v?/c?
_2x

BOJIHBI / = 7.
w

vQ

-—0
- 1-v/c
Otcrona: WZ—QL:W/—. 7.6
e V1- v?/c? 1t+vic 79

3t0 hopMyna M3MEHEHHS YacTOTHI MPHU MEPEeXoJie K CUCTEME OTCUETa, JABHKYIICHCS OTHO-
CHUTEJIBHO MEPBOHAYAILHOM CO CKOPOCThIO V — opMysa N P O 4 o /@bdeidoe K T a . [P@ymal € p
eTcsl, OHa )K€ ACHCTBUTEbHA T IpeoOpa3oBaHus SHEpruK KBaHTa E =>Ww/:

E'=E 1-—\//0
V1+v/c

BHpOLICM, MBI MOXEM IMYCTUTH BOJHY WM IHOINCPEK B3aWMMHOI0 ABMKCHHUA CUCTEM OTCUCTA.

Hanpuwmep, Bions ocu Y. Toraa BomHoBoit Bektop: (0, O, %, 0), u B popmyse JlopeHia —

Vv
XC- = xt
0 _ C

X"= 2 2
v1-v/c
— B Ka4eCTBE X, IPUJIETCS NMOACTaBUTH HOJb. [lomydaercs popmyna nonepeuHoro 3¢dexra
Homnepa:
w
W= — (7.6a)

NV

dopmMyna NHLWITEeNHa

PaccMoTpuM 31€MEHTapHYIO CHCTEMY U3 JIBYX HMPOTHUBOMIOJOXKHO ABMIKYIIUXCS DJIEKTPO-
MarHuTHBIX BOJIH (eciiu XoTuTe — ¢poTtoHOB). Kaxnomy cooTBeTcTByeT yactota W. J{ns Takoi cu-
cTeMbl — Gopmyna ais 6e3maccoBoil matepun P =E/C HecnpaBemiuBa (MMIYJIbC HOJb, @ SHEPrUs
He Houb). [lonmydaercs, yTo Hallla cMcTeMAa I0JKHA MMeTh HeHYJIeBYI0 Maccy M. DHeprus IByX
kBaHTOB B =2>W. Ha3oBem ee sHeprueii mokos, Beb CHCTEMa B LIEJIOM ITOKOUTCSA (ee oOmmii uM-
MyJIEC PaBEeH HYIIIO).

[ToyunM BeIpakeHUE AJISE MAacChl CUCTEMBI. JlJisl ATOTO MepeiiieM B Jpyrylo CUCTEMY OTCUe-
Ta, IBIKYILIYIOCS OTHOCUTEIBHO MEPBOM ¢ Mayoi ckopocThio V. CKOPOCTh MO-MPEKHEMY HaIpaB-
JIeHa 10 JIMHUU ABM)KEHUS (DOTOHOB.

B 3THX HOBBIX KOOpIMHATAX HAIlla ABYXKBAaHTOBAs CHCTEMA, PaHEE IOKOUBIIIASICS, JIBUKETCS
— CO CKOPOCTBIO V. YacTOThI, COOTBETCTBYIOIIHNE JBYM BOJHAM, U3MEHSTCS B IPOTHUBOIIOJIOKHBIC
croponsl (3ddext Hormnepa):

/1- v/c _ [1+v/c
W =W |——— W, = .
1+v/c 1-v/c

OO11ast sHEprust 370 cymma 3Hepruii GoTOHOB:

_ /1- v/c /1+v/c _ 2w _ 5
E=>w|— +>w, = = .
1+vic 1-vic J1-v?/c?  1- v?/c?

[Tockonbky y Hac V< <C, TO NPUOIMKEHHO MOTY4aeTCs:
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= -0 B@+v?/2c?).

E=—_ D o
A/1- V2 /C2 1- VZ/ZC
BuUauM, 4TO SHEPTHs ABMKYLIEHCS CUCTEMBI yBenuumnach Ha Ev®/2¢”. Tlo pusnueckomy

m
CMBICITy, 3TO — €€ KMHETHYECKas HHEpIusi, OHa paBHa - [pupaBuusas, noaydaem: E =mc,

3HAMEHHUTYIO (DO P WP M H W T Uit BHBPTUH OKOSL.
3anaua. Haiity, Kak H3MEHHUTCS AaBJICHUE CBETA HA 3ePKAJI0, €CJIM OHO yOeraeT OT CBeTa CO
CKOPOCTBIO V.

Hawm u3zBecTHO, 4TO AaBiieHHE CBETA MPOMOPIMOHATIBHO MOITHOCTH MU3JIyYEHUS W= E . [lepeitnem

B conytcTBytomyo MCO 3epkana, B Hell SHEprHs MakeTa U3Iy4eHUsT M3MEHUTCS KaK 4acToTa:

dE' = g |2 V€
1+v/c

Kak u3meHsieTcst JTUTENbHOCTD TaKeTa, U3BECTHO M3 Pa300paHHON HEKOr/a 3a1aul PO 3BE3I0JET:

+
dt'= dt 1+v/c

1-v/c
ITonyuaem

_E\/l- v/c\/l- vic - vic
dt V1+v/c\V1+v/c 1+v/c

Hpo6ubIif KOd(h(DHUITMEHT U ABISIETCS OTBETOM Ha BOIIPOC 3aaUH.

BonHbl ge Bpouns

JlonmycTuM Teneps, uto M>0, To ecthb, k> 0. Torna V, >c. TouHee, Kak MBI yK€ 3HacM,
E h
V, =—.UWcHoBa: / =—.
D10 B O /1 H bl [ € ceakagumelic MmaccuBHOM yacTuieili. ®a30Basi CKOPOCTH BOJIH /1€
Bpoiins cBepxcBeToBasi — TyT HET HUYETO, IPOTUBOPEYAILIETO TEOPUU OTHOCUTEIBHOCTH: (ha30oBast

CKOPOCTb 3TO CKOPOCTh MEPEMEIICHHs] HEMATepUaIbHOI0, MaTEMaTHYECKOTO 00beKTa (reoMeTpu-
YeCKOro MecTa TOUYEK MOCTOSTHHOU (ha3bl).

Ovcnepcusa BosnH

m2C2

>2

2 _ v o
3aMeTI/IM, yro K° = SABJIAICTCS BCIIMYUHOU, XAPAKTCPU3YIOIICH 9aCTULY, IO CYHICCTBY

— KBajgparoM Maccel. Ho Torzma m3 ¢opmyn anst V., BBIXOAWT, 4TO (ha30Bas CKOPOCTH BOJIHBI JIE
Bpoiisis 3aBHCUT OT JJTHHBI BOJHBI M 4aCTOTHI. Takoe sBJICHHE Ha3bBAlOT L, U C M e.p C N €
Jlucriepcuto MpUHATO OMHUCHIBATHE O, U CPICEM O H H bIM Y. pra B(K) € dspBakdiiiim

YaCTOTy € BOJIHOBBIM BCKTOPOM. Takoe YPaBHCHUC Yy HAC €CTh, 3TO (73), HWHBApPUAHT BOJIHOBOTO 4-
BCKTOpa:

ﬁz- k2 = k2. (7.7)
C
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Kak MBI 3HaeM, 3TO ypaBHEHHE COOTBETCTBYIOT YPABHEHUIO PEIATUBUCTCKON JTHHAMHUKH:
2

2 _
— - P = mec’. Hepenxo nocnegnee Takxke Ha3bIBAIOT JUCIIEPCUOHHBIM YPABHECHUEM.

C2
w
Jucnepcus cBi3aHa ¢ TeM, 4To (a30Basi CKOPOCTh BOJH V, 2? = — He COBHAJAET C IPyI-
P
. dw _ dE
II0OBOH CKOPOCTBIO V, = K = do’ W3 ypaBHenus (7.7) BUHO, 4TO AMCIIEPCHs Bceraa OyneT mnpu-
p

cyrcTBoBath mpu k° | 0, 10 ecth, M, 0. A 3HaunT, BOJIHBI Ae Bpoiis aucIeprupyror.

Jlnst HepenATUBUCTCKON dacTHibl (V< <) BO3bMEM IIKOJIbHBIE (OPMYITBI KHHETUYECKOMH

m .
SHEpPruu e U uMmImynbca MV. [omysanm: vy, =V, T. €. IPyNIoBasi CKOPOCTH BOJHEI Jie bpois

paBHa CKOPOCTH 4YacTULBI (YTO JJoruyHO). Ho TO ke BBIMAET U B PENATUBUCTCKOM Cllydae, TOJIbKO
BBIKJIAJIKK 00JIe€ TPOMO3IKHE.

Hucnepcus BosH ae bpoilist He MO3BOJISIET MPEACTaBUTh YACTUIBI KaK BOJHOBBIE MAKETHI,
OTPaHWYEHHBIE B MPOCTPAHCTBE: TOI00HBIN MAKET JIOJKEH PACIUIBIBATHCS CO BPEMEHEM.

TaxnoH n BUpTyasnbHble YacTULbI

Ocranock paccCMOTpPETh ClIydaid «MeJICHHBIX» BOJIH, KOT1a (pa3oBasi CKOPOCTh BOJH V, <C.

2.2

Kak u3BeCTHO, B 5TOM cioydae Kk~ = <0. 3Ha4uT, €ClIM TAKUM BOJHAM COIIOCTaBUTH

>2

YaCTHUIBI, OHM JOJDKHBEI UMETh M H U MY 10 (RMa<®OL 310 T a X W-QHIOTETHYECKAs YacTHIIa,
2

o c

JBUKYIIASICS CO CKOPOCTBIO, OOJbIIel ckopocTtu cBeta: V=—. Ee 4-BekTop sHEpruu-ummyibca
Vv
f

MPOCTPAHCTBEHHOMOI00€eH!

CXOoIHBIM CBOMCTBOM MOTYT 00JafaTh M Tak Ha3biBaeMble B U P T Y & N1 b H bl €noH#-a C
2

o 2 _ a2A2
THC U3 KBAHTOBOU TCOPUH HOJ'ISI). Tonbko WL HAX — = p"=m&cC B006H_Ie HE CO6J'IIO,Z[3€TCH: Kak
C

TOBOPAT, MX SHEPIUs M UMIIYJIbC HE IEKaTHAaM @ C C 0 B O i N (i@ aarpuicrnanassshell).
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